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Abstract

The study of mixed type operators with the combination of two basis functions which may
be either same or different, is very vast. Just now, the exploration of the properties of mixed type
operators are limited not only to the functions of bounded variation but also to the unbounded
variation too in some spaces. Several Mathematicians have used the convergence rate, Moduli
of smoothness etc. to get some direct, inverse and saturation results for various types of mixed
operators in their study and seen very interesting conclusions. In this paper, we discuss about
direct results for these operators having the same basis functions as Szasz basis function in the
Lp-spaces.
Keywords: Direct Theorem; Holder inequality; K—functional; Moduli of smoothness; Szasz-

Durrmeyer operators.

1 Introduction

There are several mathematicians [1], [7], [8] who explained approximation in several manners.
In this paper, we study for mixed type operators in the L, spaces, in which for a function f(y) €

L,[0, o), there is defined

(o 1fDIPdyye, 1< p < oo

IF My =
SUPye[0,00) |f()’)|, p = .
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Guptaetal. [6], [5] proposed several types of combined operators. The results obtained by Ditzian-
Totic [2], [3] have played very important role in our study. In this series we contribute our mentioned

summation-integral type operators named as modified Szasz operators y,, for f € L,[0, o) as

alfin) =1 )o@ [ o070y (1.1)
J=0
where o0, ;(x) is Szasz basis function defined by
(mx)/ _
oy j(x) = ———e .
™ ()!

Since x,(1,x) = 1, it is clear to show that y; (f,x) are linear positive operators and the rate of
convergence for these operators is of order 0(%). In this paper, we give exciting approximation
results for our discussed linear positive operators (1.1). Many authors [4], [9] etc. have discussed
earlier the properties for several operators and found global results. There are obtained some auxil-
iary results related to the mentioned operators and also established direct results as approximation

estimates in terms of modulus of continuity.

Remark 1. In this paper 'C’ represents arbitrary constant having no same value everywhere.

2 Moment estimation

In this section, we give some lemmas related to the moments and other estimates for the mentioned

operators (1.1).

Lemma 1. Let f € L,[0,00); p € [1, c0], then the following inequality holds

e (f5 ) < ILf Nl (2.1)

Lemma 2. For 5,2] (x) = @?(x) + %, ¢(x) = \/x, our operators (1.1) give

1
Xﬂ(lrx) = 1’ X?](y_x"x):E’
Co2(x) C54(x)

Lemma 3. For the operators x;, we can find that x,(y*;x) < Cx>.
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Lemma 4. For o(x) =Vxandy <w < x,

W_W|<U—ﬂ( 11 )
e*(w) ~ e*(x)  ©*(y))

Lemma 5. Fory <w < xand x € [0, Tl]), we can find

y-wl  __ly=x
e?(w)+1/n = ¢*(x)+1/n

Proof. Fory < w < x, it is obvious that |y — w| < |y — x| and ¢*(w) + 1/n > ¢*(x) + 1/, which

follows the required lemma. Also since y < w < x and x < 1/n then h(x) = increases in

_x
©*(x)+1/n
[0,771). O

Lemma 6. If f" € A.C.;,c and p € [1, o), we can have ||¢,02)(,’7’f||p < C||(,02f”||p.

Lemma 7. If N
U0 =1 ) i @) [ (o)
J=1
then U, ((y -x)%x) = % + %x + (- 1x?%
Proof. From here
Uy(1;x) =n,Up(y;x) =x + %, Un(yz;x) =x%+ Sx + %

Therefore

U,,((y—x)z;x) Un(yz;x) —2xU,7(y;x)+x2U,](l;x)

6 6 2
= x2+—x+—2—2x(x+—)+x277
n

non

6 2
= —2+—x+()7—1)x2.
n-n

3 Main Result

In this section we give first an important theorem needed to obtain the direct results and after that

our required direct theorem.
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Theorem 1. Ifﬁ ={g€Ly[0,0): g € A.Cppc; 8", (ngu € L,[0,00)} then for g € D, 6,2,(x) =
@*(x) + %,p € [1, ), then

y ” C ”
Iy ( [ -we du;x) Iy < 153"

Proof. We find the result of this theorem based on the proof separately at the extreme points for
p = 1 and p = co. First we discuss for p = co. Therefore taking x € E,, = [%, oo) where n € N,

however we have 6,27 ~ ¢?(x). Applying Lemmas 2, Lemma 4 and Holder inequality, we obtain

Yy
Xn (/x (y- u)g”du;X)

Again, taking x € E} = [0, %), Lemma 2 and Lemma 5 provide

y
Xn (/ (y- u)g”du;X)

C "
< = ll¢*g" llw-
n

C Y |y —ul
< —llg*e” Il |x (/ ——————du;x
n "o @) +1/n
C 2 n (y_x)Z
< —lle"g"lle X (—;X
n "\@2(x) + 1/
C. 5, ¢(x) 1 C. 2,
< =l o= < —1l¢°g"llco-
n n—1¢*(x)+1/n 7

Therefore this lemma is true for p = co. Now we prove the rest result i.e. for p = 1. From the

y
Xn (/ (y —u)g”(u)du;x) 1

= /OOO X (/xy(y —u)g”(u)du;X)
= /000 Ugﬁn,j(x) (/0x+/xm) oy, (V) (y — u)g” (u)dudy| dx

n/0w|§"<u>|(/uw/0u—/oufum) <u—y)§;(rn,,-<x>x
Z

oy, (y)dydxdu

definition of norm

dx

IA
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n %
< = X
< 2/0 18" (u)]

;Z.:“O(/uoo/()u_/o”/um) o (0)d(u = y)*oy, ; (x)dx| du

1

3 [ 18 @ion s s

To estimate J; and J;, while integrating by parts we shall use the fact

o, () =nloy-1(y) —oy; (W] J 2 1

and obtain

s u
s wten ) [0 =wie e, 0
J=1

o<y, [0 we e, 0,
j=1
Using Lemma 7, we get
1 - [
—(Ji+Jy) < nu2+n2/ (y—u)zo'n,j(y)o-n,j_l(u)dt
2 = Jo
< W+ (u) < C(u).

Therefore

IA

y
X (/ (y- u)g”(u)du;x)

¢ [ "l

1

« ” C ’”
C52(u) /0 " Wldu < e

Hence it is also verified for p = 1. Thus Riesz-Thorin theorem yields the complete proof of this

theorem for 1 < p < oo. O

Direct Theorem

Theorem 2. Ifr € L,[0,0),1 < p < oo and ¢(x) = x, there holds

len (r5) = rOl, < € {wi(r, %),, rorr, %)F + %nrnp}
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where

wi(r, E)p = sup [[Ar(0)ll,

O<t<—

and
Alr(x) = r(x + %) ~ flx- %).

Here w represents the modulus of continuity of order 1.
Proof. Let us suppose a function &,(r; x) such as

E(rix) = xy(rsx) + §(rix), &(rix) =r(x) —r (x + %)

It gives &, (1;x) = 1, & (y —x;x) = fn((y x)%x) < —L— <, ( )

10l = { /O

By the property of K—functional, we have

P I/P 1
dx} < wi(r,=)p.
n

r(x) —r(x+l)
n

Yz

K, 1) = mf{llr—gllp +3206%8" lp + ¥ 1lg" NI}

geD

where D = {g € Lp[0,) : g’ € A.C.;0c; 8", 0%8" € L,[0,00)}. Hence
1 2 n ” 2 1

IIF—g||p+;||90 ||p+—||g Iy < K )

Applying Taylor formula with remainder as integral, we get

€7 (8:x) — gl

y
< g @& —x0ll, + fn( i (y—u)g"(u)du;x)
X P
) y
< 2lg i, + XU( / (y—u)g"(u)du;x)p
+ / x+'_’<x+%—u>g"<u>du

p

Recalling < #Hg”llp, Lemma 8 and taking ||g’ll, < |lg”l,

p

1
‘/H" (x+ 1_ u) g"du
x n
we obtain

) 1 2
1&g — gl < CK ( 5) + 2l

3.1

and ||&,]| < 3. Hence by definition

(3.2)

2
+2)gll.

(3.3)
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Combining (3.1)-(3.3), we get the required result as

len(e55) =gl < 1€ (gs) = )l + 12, (50,
1
< Hlr—gll, +1léng — gll, + w1 (—)
n P
<

c wz(r 1) v ( 1) T
P — 1 s — - .
v\, n), n "

4 Conclusion

By all counts and with proven results, it is no wonder to say that our operators considered in this
research article are very compatible to the discipline of approximation theory. Results and proof of
main theorem are very precisely explained. Eventually, we may conclude that this research paper

is explicit.
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