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Abstract

The main aim of this paper is to give analytical approach to exact solutions for the Wick-type
stochastic fractional Zhiber -Shabat equation. By means of Hermite transform, white noise
theory and fractional Riccati equation method, white noise functional solutions for the Wick-
type stochastic fractional Zhiber -Shabat equation are derived. Exact traveling wave solutions
for the variable coefficients space-time fractional Zhiber -Shabat equations are given by using
the fractional Riccati equation method. The obtained results include soliton-like, periodic and
rational solutions.

Keywords: KdV equations; White noise; Hermite transform; Fractional Riccati equation

method.

1 Introduction

This paper is devoted to explore the white noise functional solutions for the variable coefficients

Wick-type stochastic fractional Zhiber -Shabat equation as the following form:
DU, +P(t) o eV +0(1) 0 e® Y + R(1) 02V =0, 0<y <1, (1.1)
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where D) U are the modified Riemann-Liouville derivatives defined by Jumarie[1]

ﬁ {lox(x —0)" [ £(6) - £(0)]dO, ¥ <O,
Dif(x) = C(1-1y)dx /ox(x -0)7V[f(0) - f(0)]ds, O<y<]1, (1.2)
[f(}’—n)(x)](n)’ e <mil e

The coefficients P (1), Q(t) and R(¢) are Gaussian white noise functions, and ”o” is the Wick product
on the Kondratiev distribution space(S)_;which was defined in [2]. Eq.(1.1) can be considered as

the Wick version of the following variable coefficients fractional KdV equation:

(07

d
el +p)e +q)e ™ +r(t)e ™ =0, (x,1) eRxXRy, O0<a <1, (1.3)
xa'

wherep(t), g(t)andr(z)are bounded measurable or integrable functions onR,, this means that
Eq.(1.1) can be regarded as the perturbation of Eq.(1.3). El Wakil et al[3] asserted that, Eq.(1.3) is
the mathematical model for small but finite amplitude electron-acoustic solitary waves in plasma
of cold electron fluid with two different temperature isothermal ions. Therefore, if this model is
perturbed by Gaussian white noise, Eq.(1.1) regarded as the mathematical model for the resultant

phenomenon.

Since Wadati first introduced and studied stochastic KdV equations [4], many authors, e.g., Xie
[5-6], Chen [7-8], Ghany [9], Ghany et al [10-12] and so on, have investigated more intensively
the stochastic partial differential equations. In the past several decades, many authors mainly had
paid attention to study the nonlinear fractional partial differential equations and gave approxima-
tive solutions by using various methods, among these are homotopy perturbation method [13-14],

variational iteration method [15], Adomian’s decomposition method [16-17] etc.

In the present paper, with the help of Hermite transform, inverse Hermite transform, white noise
theory, fractional sub-equation method and fractional Riccati equation method, I will give white
noise functional solutions for the Wick-type stochastic space fractional Zihber-Shabat equation

and new family of exact traveling wave solutions for the variable coefficients space fractional
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Zihber-Shabat equations. New family of exact analytical solutions for the space-time fractional
Zihber-Shabat equations with the modified Riemann-Liouville derivative. The obtained results
include generalized hyperbolic function solutions, generalized trigonometric function solutions

and rational solutions.

2 Modified fractional derivative on the space (S)_;

Suppose that S(R) and S’ (R¢) are the Hida test function space and the Hida distribution space on

R4, respectively. Let A, (x) be Hermite polynomials and put
Gn = h(V20)/(n=D!m)7, n> 1. 1)

then, the collection {{, },> constitutes an orthogonal basis for L(R).
Let @ = (ay, @2, ..., @g) denote d-dimensional multi-indices with a1, a3, ..., @z € N. The family of

tensor products

gd = g(m,az ,,,,, (ld) = {al ® gdz ® ® {ad (22)

forms an orthogonal basis for L, (R9).

) o

sy s s ag)) is the i-th multi-index number in some fixed ordering of all

Suppose that o) = (a
d-dimensional multi-indices @. We can, and will, assume that this ordering has the property that

i<j= aii) +a§i) + ... +cyf;) < cyij) +a§j) + ... +a£,j) (2.3)

i.e., the {aV )};’,‘;1 occurs in an increasing order. Now

Define

n; = {aii) ® é/a;i) ®..0Q {al(jf), i>1. 2.4)

We need to consider multi-indices of arbitrary length. For simplification of notation, we regard
multi-indices as elements of the space (N%I)C of all sequences a = (ay, a2, ..., @g) with elements
a; € Ny and with compact support, i.e., with only finitely many a; # 0. We write J = (Nﬁ‘)c, for

a € J,

Page 3



Pure and Applicable Analysis 2022, 2022: 5 https://www.lynnp.org

Define
Hy(w) = ]_[ hay(< 0,1 >), @ = (01,02, ..., wg) € S'(RY) (2.5)
i=1

For afixedn € N and forall k € N, suppose the space (S)’f consists of those f(w) = Y, coHy (W) €
P L2(w) with ¢, € R such that

11 = D" ch(@)*(2N)* < oo (2.6)
a
where, ¢2 = |c,|* = =1 (cg‘))2 if ¢ = (c((,”, céz), e c((,")) € R” and u is the white noise measure

on (8'(R), B(S"(R))), a! = [1}2; ax! and (2N)* = [];(2/)* fora € J.
The space (S)", consists of all formal expansions F(w) = 2, boHq(w) with b, € R" such that
1fll=1.—g = Dq b2(2N)™9% < oo for some ¢ € N. The family of seminorms || f]|1x, k € N gives

rise to a topology on (§), and we can regard (S)", as the dual of (S) by the action
<F, f>= Z(ba, Ca)! 2.7)
(04

where (bg, ¢, ) is the inner product in R”.
The Wick product f o F of two elements f = ., aoHy, F = Zﬁ bgHp € (S)f1 with a,, bg € R",
is defined by
foF = (aa bp)Hasp (2.8)
@B

The spaces (S)7, (5)",, S (R?) and S’(R?) are closed under Wick products.
For F = X, boHy € (5)", with b, € R", the Hermite transformation of F, is defined by

HF(2) = F(z) = ) baz" € C (2.9)

where z = (21, 22, ...) € CV (the set of all sequences of complex numbers) and 7% = 22y gy if
«a € J, where z? =1.
For F,G € (5)", we have

FoG(2) = F(2).G(2) (2.10)
for all z such that F(z) and G (z) exist. The product on the right-hand side of the above formula is the
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complex bilinear product between two elements of CV defined by (zi, zé, nZh). (zl, zz, nZ2) =

n 1.2
k=1ZkZk-

Let X = ), aoH,, then the vector ¢y = X (0) € RV is called the generalized expectation of X which
denoted by E(X). Suppose that g : U —> CM is an analytic function, where U is a neighborhood
of E(X). Assume that the Taylor series of g around E(X) have coefficients in RY. Then the

Wick version g°(X) = H (g o X) € (S)f”l. In other words, if g has the power series expansion
g(2) = Y aa(z = E(X))?, with a, € RY, then g°(2) = ¥ au(z — E(X))** € ()X,

Suppose that modelling consideration leads us to consider an stochastic fractional PDE as follows:
A(t,x, 0, Ap, U, w) =0 (2.11)

where A is some given function U = U(t, x, w) is an unknown (generalized) stochastic process, and

B s
the operators o = £, A = ( 6ﬁ1 ;ﬁzz,..., : L) when x = (x1,X2, ..., xq), B = (B1, B2, ... Bd) €
R¢. Firstly, we interpret all products as Wick products and all functions as their Wick versions.
Wick version of Eq. (2.11) is written as follows:

A°(t,x,0p0, Ay, U, w) =0 (2.12)

Secondly, we take the Hermite transformation of Eq. (2.12), which turns Wick products into

ordinary products (between complex numbers), so the equation takes the form
A(t,x, 8,0, M5,U,21,22,..) =0 (2.13)

where U = H (U) is the Hermite transformation of U and zi, z2, ... are complex numbers.

Definition 2.1. A measurable function

u:RI— (S)I_v1
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is called (S)N -process. The partial derivative 2 I L of an (S)N u is defined by

ou u(xy, .. xp +Axg,xq) —u(xy, ..., xq)

a—k(xl,...,xd) = limay,—0 Art

provided the limit exists in (S)V |- Letube a continuous(S)-;-process, and leth > Odenote a constant

discretization span. Define the forward operatorF'W,, (h),by
Fka(h)u(x) = u(xl, e Xkt h,xk+1, ...,xd). (214)

Then for0 < a < 1,thea-orderfractional difference ofuis defined by the expression

AL u(x) = (FWy, (h) = 1)".u(x) = Z( I)J( )u(xl, v X+ (@ = D Xpe1s .0 xq),  (2.15)

j=0

and itsa-orderfractional derivative is given by

Ay u(x)

ha (2.16)

DY u(x) = l}g{)l
provided the limit exists in(S)_;.
In terms of the Hermite transform the limit on the right-hand side of (2.14) exists if and only if

there exists an elementY € (S)_;such that—A“ i(x,z) > Y (z)pointwise boundedly (uniformly)

inK (6)for someo < oo0,§ > 0,where

Ko (6) = {z=(21,22,...) € C": ) | 2N)7¥ < 5}
u#0

If this is the case, thenYis denoted by D} u(x).
Let us denote byL!(a, b; (S)_1)the space of all strongly integrable(S)_;-processeson|[a, b],then

forX € L'(a, b;(S)_;)we can set thea-orderRiemann-Liouville fractional integral operator and

the modified Riemann-Liouville fractional derivative as follows:
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Definition 2.2. Thea-orderRiemann-Liouville fractional integral operator ofXis defined as

JYX(t) = %04)/0 (t - 1) ' X(1)dr,

fora > 0, 7 € [a,b] and J°X(¢) = X(1). (2.17)

When we apply Hermite transform to solve stochastic differential equations the following observa-

tion is important.

Assume that the(S)_;-process X (¢, w)has ana-orderfractional derivative and

DX (t,w) = F(t,w) in (S)-, (2.18)
this equivalent to saying that B
A X(t,z) ~
lim ————= = F(t, 2.19
i — (t,2) (2.19)

uniformly forz € K (6)for someo < oo, § > 0.For this it is clearly necessary that
DX (1,7) = F(t,z) forall z € Ks(6), (2.20)

but apparently not sufficient, because we also need that the pointwise convergence is bounded

forz € K, (8). The following result is sufficient for our purposes.

Lemma 2.1. SupposeX(t, w)andF (t, w)are(S)_i-processessuch that
(@) Df‘jfv(t, 2) = F(t, 2)for each(t, z) € (a, b) X Ky (8)and that

(i) F(t,2)is a bounded function for(t,z) € (a,b) X K,(8)and continuous with respect tot €

(a, b)for eachz € K;(9).

ThenX (t, w)has ana-orderfractional derivative and for eacht € (a, b)

DYX(t,w) = F(t,w) in (S)_1. (2.21)
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Proof. According to the fractional counterpart of the mean value theorem [?], we have

h—laA;U?(t, z) = W(i(r +h,z) - X(t,2)) = F(t +6h, 7), (2.22)

for somef € [0, 1]and for eachz € K (6).So if the hypotheses (i), (ii) hold, then

AYX (¢,
tim 2200

F(t, 2.23
im = (t,2) (2.23)

pointwise boundedly forz € K, (6). B

Taking Hermite transform of (2.15) and using [2, Lemma 2.8.5], we get the following result

Lemma 2.2. LetX(t)be an(S)-1-process.Suppose there existo < 00,6 > Osuch that
sup{X(t,z) : t € [a,b], z € Ks(6)} < o0 (2.24)

andX (t, 2)is a continuous function with respect tot € [a, blfor eachz € K, (8).Then thea-order

Riemann-Liouville fractional integral operator of X (t)exists and

JOX(1)(2) = J°X(1,2), fora >0, t € [a,b], z € Ky (6). (2.25)

In the case of higher order derivatives we have the following result

Lemma 2.3. Suppose there exist an open intervall ,real numberso, dand a functionu : IXK,(6) —
Csuch that
Djzcau(x, 2) = F(x,2), for (x,z) € I Xx K, () (2.26)

whereF (x) € (S)_ifor allx € 1. SupposeD*®uis bounded for(x,z) € I X K, (8)and continuous

with respect tox € Ifor eachz € K, (8).Then there existsU(x) € (S)_such that

D*U(x) = F(x), forxel. (2.27)
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Proof. By the fractional counterpart of the mean value theorem again, we have

1 I'’(1+a)

—AM (x,2) = T ((x +2h, z) = 2u(x + h, z) + u(x, 7)) = F(x + 6h, z) (2.28)

for somef € [0, 1]and for eachz € K, (6). So if (2.14) and the assumptions onD)zc“uhold, then

O AU(tz) <
lim =22 = F(x,2) (2.29)

pointwise boundedly forz € K, (). According to [2, Lemma 2.8.5], we can apply the inverse

Hermite transform to Eq.(2.17) and get
D*U(x) = F(x) in (S)_; and for all x € I, (2.30)

whereu(x, z) = U(x)(z)for all(x, z) € I X K5 (5) A
More generally , we can apply the argument of Lemma 2.1 repeatedly and get the following result

Theorem 2.4. Supposeu(x,t, z)is a solution (in the usual strong, pointwise sense) of the equation
Q(x,t,D¥, DY ,...D ,u,z) =0 (2.31)

for(x,t)in some bounded open setG C R x R,,and for allz € K, (6)for someo,§. Moreover,
suppose thatu(x,t,z)and all its partial fractional derivatives, which are involved in (2.19), are
(uniformly) bounded for(x,t,z) € G X K,(0),continuous with respect to(x,t) € Gfor eachz €
K, (6)and analytic with respect toz € K, (0)for all(x,t) € G.Then there existsU(x,t) € (S)_;
such thatu(x,1,z) = U(t,x)(2)for all(t,x,z) € G X Ky (8)andU (x, t)solves (in the strong sense)
the equation

Q°(t,x,D}, D5, ... Dy, U,w) =0 in (S)-1. (2.32)

X170
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3 White Noise Functional Solutions of Eq.(1.1)

Taking the Hermite transform of Eq.(1.1), we get the deterministic equation:
DYU,(x,1, 7) + ﬁ(t, z)eﬁ(x’t’z) + é(t, z)e_ﬁ(x’t’z) + E(t, z)e‘za("’t’z) =0, 0<y <1, (3.1

wherez = (21,22, ...) € (CV).is a vector parameter. For the sake of simplicity we denoteP(t,z) =
P(1,2),0(t,z) = O(t,2),R(t,z) = R(t,z)andu(x,r,z) = U(x,t,z). To determine the solution

u(x,t, z) explicitly, we first introduce the following transformations:

u=u(§), &=f(t2)x+g(t2), (3.2)

where f (¢, z)andg (¢, z)are functions to be determined later, then Eq.(3.1) is reduced into a fractional

ordinary differential equation:
£ Du(é) + P, 29+ 0(1,2)e™® + R(1,2)e ¥ =0, 0<y <1, (3.3)

We next suppose that Eq.(3.3) has a solution in the form:
u= ) ai(t.z) Fi€). (3.4)
i=0

wherea; (i =0, 1, ..., n)are functions to be determined later,nis a positive integer and F'satisfies the
fractional Riccati equation:

DéZF =0+ F?, (3.5)

whereois an arbitrary constant. BalancinguDg uwithD?ﬂ uin Eq.(3.3) givesn = 2. So (3.4) can be
simplified as following:

u:a0+a1F+a2F2 (3.6)

By substituting Eq.(3.6) along with Eq.(3.5) into Eq.(3.3) and collect the coefficients of Fi(i =

0,1,...,5)and set them to be zero, we will obtain the following set of algebraic equations in the
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unknownsa;(i = 0, 1,2), fandg:

oot (fix + 8)* + opaoar fPp + Zo'édlqu =0,

20a2(fix + 8)* + 0p(2apas + a%)fﬁp + 160'§a2f3ﬁq =0,

ay(fix +g)* + (apa; + 30'ﬁa1a2)fﬁp + 805a1f3ﬁq =0, a7
2ar(fix + g1)* + (2apasr + a% + ZO'ﬂa%)fﬁp + 400',3a2f3ﬁq =0, .

3ajar fPp +6a1f*q =0,

2a3fPp +24a, f*Fq = 0.

With aid of the symbolic computation system Maple, we can find the following sets of solutions of

the system (3.7):

a =4, a; =0, a2=—12k2ﬁ%, flt.2) =k,

kO-,B

g(t,2) = - / (Ap(s, 2) + 803k q(s,2)) v ds, (3.8)
0

Ta

wheredandkare arbitrary constants.
In a recent paper by Zhang et al. [18-19], a set of five different solutions to Eq.(3.5) was introduced

as follows:

—y/[~0ytanh, (—+/=0,¢), o, <0,
—/=0ycoth, (—y~=0,¢), o, <0,

F(§) = { yoytan, (05€), oy >0, (3.9)
Voyeot, (£/Ty€), oy >0,
_F(l +7y)

w = const., o, =0,

Et+w’
where the generalized hyperbolic and trigonometric functions [20] are expressed by the following:

E,(x7) = E,(=x7) B E,(x7)+ E,(—x7)
E,(+E, () MY o) T E, oy

tanh, (x) =
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CE,(ix7) — E,(=ix?)

) CE,(ix?) + Ey (=ix?)
tany (x) = i E,(ix?) + Ey(=ix?)’

o) = Y E, (<ix)’

where £, denotes the Mittag-Leftler function [20], defined by:

N
EV()’) = ; T(jy+ 1)-

We therefore obtain from Eqgs.(3.9), (3.2), (3.6) and (3.8) three types of exact solitary wave solutions

of Eq.(3.1), namely:

e Four generalized hyperbolic function solutions (o, < 0):

t
uy =1+ 12(ryk2ﬁ%tanh§ (—\/—Gykx + [~k / (Ap(s,z) + 80k q (s, Z))éds) (3.10)
0

t
U =1+ 12a'yk25%coth$ (—\/—a'ykx ++/—0yk / (Ap(s,2) + 80'/3k2ﬁq(s, z))ﬁds) (3.11)
0

* Four generalized trigonometric function solutions (o, > 0):

t
Uz = A — 120'yk2ﬁl%tan$, (\/Fykx + o k /0 (Ap (s, z) + 80k q (s, z))lads) (3.12)

t
Uy = A — 1zayk2/3%cot§ (\/_O'ykx + o,k / (Ap(s,z) +8ask*Pq (s, z))éds) (3.13)
0

* One rational solution (o, = 0):

12K%T2(1 +v)q

p ((kx - k(/l)é /()t(p(s, z))rlrds)y +a))2.

is = 1 — (3.14)

Recalling the result stated in Theorem 2.4., and by virtue of Lemma 2.1, we know that there
existsU(x, 1) € (S)_isuch thatu(x,7,z) = U(x,)(z)for all(x,7,z) € G x K,(q), whereU (x, t)is

the inverse Hermite transform ofu(x, ¢, z). Consequently, U (x, f)solves Eq.(1.1). Hence, forP(¢) #
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Othe white noise functional solutions of Eq.(1.1) are as follows:

Uy (x,1) = A+ 120, k*P ggi tanh3’ (—\/Trykx + =0,k / (AP(s) + SO'ﬁkZBQ(S))WIds) , oy <0,
0
(3.15)
=Ty kx + oy k / (AP(s) + 8aﬁk2ﬁQ(s))W“ds) , oy <0,
(3.16)

Uy(x,t) =1+ 120 kZﬁQ() thoz(
Us(x,t) =1- 120 kzﬂwtan 2 (\/Ekx+\/_k‘/ (/lp(s)+80"3k2BQ(s))°a ds) oy > 0. (.17

P(1)

Us(x,1) =1 - 120 kzﬁgéi £ \/_kx+\/_k (/lP(s)+80'gk2ﬁQ(s))°" ds) oy >0, (3.18)

26712
Us(et) = 4 — 12k2PT2(1 +9)0 (1)

——. oy =0. (3.19)
P(1) ((kx k() f(j(P(s))Wlds) + w)

4 Conclusion

In this paper, Hermite transform, white noise theory and Fractional Riccati equation method are
applied successfully for constructing some white noise functional solutions for the Wick-type
stochastic fractional KdV equations and a new family of exact analytical solutions for the fractional
KdV equations with the modified Riemann-Liouville derivative. The obtained results include
generalized hyperbolic function solutions, generalized trigonometric function solutions and rational
solutions. The method which we have proposed in this paper can be used for solving other nonlinear
stochastic fractional partial differential equations with nonlinear terms of any order. Also, we have
only discussed the solutions of stochastic fractional KdV equations driven by Gaussian white noise.
There is a unitary mapping between the Gaussian white noise space and the Poisson white noise
space, this connection was given by Benth and Gjerde [21]. Hence, with the help of this connection,
we can derive some Poisson white noise functional solutions, if the coefficients P(¢), Q(¢)are Poisson
white noise functions in Eq.(1.1). We note that as @ — 1, all the obtained results give a new set
of exact analytical solutions for the well known Wick-type stochastic KdV equations. All solutions
obtained in this paper have been checked by Maple software. Moreover, we observe that we can

get different solutions for different forms of the coefficients P(¢) and Q (7).
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