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Abstract

Our goal in this objective is to study the form of the solutions of a class of rational systems

of difference equations:

_ Yn-5Xn-8 Yol = Xn-5Yn-8
Yn-2 (1 +yn—5xn—8), " xn—Z(il ixn—Syn—S)’

n=0,1,...,

Xn+1

where the initial conditions x_g, y_q, @ € {0, 1, ..., 8} are non-zero real numbers.

Keywords: Difference equations, Systems of difference equations, Recursive sequences.

1 Introduction

Difference equations has very important in the construction of mathematical models which have
been used by researchers from other fields such as biology (population dynamics in particular),
ecology, engineering and economics, to give simplified solve of real-life problems. The studies
in this interesting area of research will continue to emerge and evolve. The issues of stability and
attractivity in nonlinear difference equations constitute an essential part in the contributions that
have been made to the theory of difference equations. For more results about global character and

local asymptotic stability, see, for instance, [1-56] and the references cited therein.
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Ahmed and Elsayed [1] have got the expressions of solutions of some rational difference equations

systems
Xn-1Yn-2 Vusl = Yn-1Xn-2
Yn (_1 ixn—lyn—Z), " Xn (il iyn—lxn—Z).

Dekkar et al. [4] obtained the global stability of a third-order nonlinear system of difference

Xn+l =

equations with period-two coeflicients

PntYn dn +Xn

Xl = ———————, Yn+l = .
PntYn-2 qn tXp-2

In [7] Din investigated the boundedness character, the local asymptotic stability of equilibrium

points and global of the unique positive equilibrium point of a discrete perdator-pery model given

by

@xXp = BXnYn _ Oxpyn

————, Vg1 = ——.
1 +yx, Xp +NYn

El-Dessoky [9] obtained the solution for rational systems of difference equations of order three

Xn+l =

Yn-2 Xn-2

Xn+l = Yn+l = .
" -1+ yn—an—lyn, " +1 £ X, 0yn-1Xn

In [10] El-Dessoky and Elsayed studied the solution and periodic nature of some systems of rational

difference equations
_ XnYn-1 _ YnXn-1
Xppl = ————, Yptl = ———.
Yn-1% Yn Xp—1 £ Xp

El-Dessoky et al. [11] obtained the solutions of the following rational systems of difference

equations
Xn—-3Yn-4 Yn-3Xn—4
) yn+1 = .
Yn (£1 £ X, 3Y0-4) Xn (21 + yp-3x,-4)

Elsayed and Ibrahim [22] solved solutions for some systems of nonlinear rational difference equa-

Xn+l =

tions
Xn—2Yn-1 Vsl = Yn-2Xn-1
) n+
yn(il + xn—Zyn—l)

Xn+l = = .
" xn(il + yn—an—l)

Elsayed and Alghamdi [23] solved the form of the solution of nonlinear difference equation systems

Xn-7 Yn-7

Xntl = 77— Yo+l = —F/ -
1 +Xp-7Yn-3 1 £y, 7X,-3

Haddad et al. [32] obtained solution form of a higher-order system of difference equations and

dynamical behavior of its special case

p p
Kk dn R T
Xprl = ——5 5 Yprl = —p .
ay,_, +byn ax, .+ pxy
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In [44] Kurbanli studied the behavior of solutions of the following system of difference equations

Xn—1 Yn-1

Xn+l = —————7» Yn¥l = ——————-
YnXn-1— 1 XnYn—-1 — 1

Kurbanli et al. [45], [46] obtained the solutions of following systems

_ Xp-1+Yn _ Yn-1+ Xy
Xpt1l= ————— > Yn+l = -
YnXn-1— 1 XnYn-1— 1
Xn—1 Yn—-1
Xnel = ———7» Yn+l = — -
YnXn-1+1 Xpyn-1+1

Mansour et al. [47] investigated the solutions and periodicity of some systems of difference

equations

Xpal = Xn-5 Vsl = Yn-5
+1 =~ > 1= -
" -1 + Xp-5Yn-2 " +1 + Yn-5Xn-2

Our goal in this article is to investigate the solutions of the following nonlinear difference equations

systems
Xyl = Yn-5Xn-8 Vsl = Xn-5Yn-8 n=0 1
" Yn-2 (1 + )’n—an—S) ' " Xn-2 (il + xn—Syn—S) ’ T
where the initial conditions are non-zero real numbers.
2 Main Results
2.1 The First System x,,,| = ——=>"n8 Yyl = ——3in8

Yn—2(1+yn_5x,-8)° Xp—2(14+x,_5y-8)

In this section, we get the solutions of the system of higher order difference equations in the form

Yn-5Xn-8 Vil = Xn—-5Yn-8
Yn-2 (1 + yn—an—S) ’ " Xpn=2 (1 + xn—Syn—S) ’

with nonzero real initial conditions x_,, y_,, @ € {0, 1,2, ...8}.

o))

Xn+l =

Theorem 1. If {x,, y,} are solutions of difference equation system (1). Then Forn =0, 1,2, ...

X12n-8 = (g1)” ﬁ (1+ (20 + Ddl) (1 +2iaq)
i=0

a1 (1+2igg) 1+ 2i+1)dt’
()" ﬁ(l + (2 + 1)em) (1 + 2ibr)
Mon=7= 257 VL (1+2ihr) 1+ (20 + Deu)
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(kv)" 71 (1+ (2i + 1) fp) (1 + 2ics)
l_[ (142iks)1+Qi+1)fv)’

X12n-6 = 7 i

””1 (1+(2i+1)gq) (1 +2idt)
X12n-5 = (gt) l_[(1+(2i+2)dl)1+(2i+1)aq),

(1+ i +2)em) 1+ (2i + 1)br)’

bm)" T (14 (20 + DAr) (1 + 2iew)

cp\" l_ (I+ Qi+ 1ks) (1+2ifv)
(1+Q2i+2)fp) 1+ (2i+1)cs)’

t\" T 1 (1+ Qi+ 1D)dl) (1+(2i+2)agq)
_) —[ (1+(2i+2)gq) 1+ (2i + Ddt)°

X120-1 = h"™ , : ,
bm 2 (1+@i+2)hr) 1+ (2i + 1)eu)

I(L) l—[(1+(21+1)em) (1+(2i+2)br)

et (Y "L+ 20+ 1) fp) (1+ (26 +2)es)
Hon = _p) H I+ Qi +2ks) 1+ Qi+ D) fv)

X12n+1 =

ml T (1 + (20 + 1)gq) (1 + (20 +2)dr)
) ( ) l_I(1+(2i+2)all)1+(2i+1)aq)’

myn (BN (1 + (20 + D hr) (1+ (2 +2)ew)
X12n+2 = %) ( )

o (1+(2i +2)em) 1 + (2i + 1)br) ’

1%

X12n+3 =

s\t et T (1 + (20 + Dks) (1+ (20 +2) fv)
1+cs (_) ( ) l:ol(1+(2i+2)fp)1+(2i+1)cs)’

k
(g1)" ©=1 (1 + (2i + agq) (1 +2idl)
[n=lgn !,:—0[ (1+(2i+1)gq) (1+2idt)’

(hu)" = (1+ (2i + 1)br) (1 + 2iem)
m”‘lb”l—[ (14 (2i + 1)hr) (1 +2ieu)’

(kv YT (L+2i+ 1D fp) (1+ (2 + Des)
Y12n-6 = l_l (1+ (20 + ks) 1 +2ifv)

Y12n-8 =

Yion-7 =

n lcn

( )n ﬁ (1+ (2 + 1)dt) (1 +2igq)
(1

Vin-5 = +(2i+ Ddl) 1 + (2i +2)aq)’
) " (14 (20 + 1eu) (1 +2ikr)

Yion-4 =71 (hu) l—[(1+(2i+1)em)1+(2i+2)br)’
_(epyn (1+ (2i + 1) fv) (1 +2iks)

Y12n=3 =8 (_v) l_[(1 +(2i+1)fp) 1+ (2i+2)cs)’
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n—1 . .
g\ 111+ 2i+2)dl) (1+ (2i+1)aq)
) 1]

Yizn-a = " ( : ; ,
[ (I+Q2i+1)gg) 1+ (2i +2)dr)

Q

i=0

o[ B\ (14 20+ 2)em) (1+ (20 + 1)br)
Yizn-1=U (—) 1—[

bm o (1+ Qi+ 1)hr) 1+ (2i +2)eu) ’

o KNI (L4 2i+2) £p) (1+ (20 + 1es)
Yion =V (_) l_l

cp) i 1+ Qi+ Dks)1+Q2i+2)fv)’

d (a)n (1)”” (L + 20+ Dd) (1+ (26 +2)gq)

e E a1 \g) LI ar @ie2ag 1+ @it 3)dn”
e (b)" (m)"+1 ﬁ<1+<2i+ Dew) (1+ (2 +2)hr)
e n) L L @i 2)br) T+ @i+ em)”
o (C)n (p)n+1ﬁ(l+(2i+1)fv)(1+(2i+2)ks)
Yi2n+3 = 1+fp \v k =, (1+QRi+2)cs)1+QRi+1)fp)’
where x g =a,x7=b,x¢=c¢c,xs5s=d,x4=¢e,x3=f,x2=¢x1=hxo=k, ys=1,

y-71=mM,y-6=p,y-5=¢,y-4=r,y-3=5,y2=1ty_1=uand yo=v.
Proof. For n = 0 the result holds. Hence assume that n > 0 and that our assumption hold for n — 1,

that is,

(g)"™" =3 (1 + (2i + 1)dl) (1 + 2iaq)
x12n—20 = _2 n—l rl . . 9
an=2=ti g (1+2igg) 1+ (2i+1)dt
(hu)"™" 75 (1 + (20 + 1)em) (1 +2ibr)
X12n— = . . 9
2 2=t ] (T4 210r) T4 (21 + 1)eu)
(kv)™ ' =2 (1+ (20 + 1) £p) (1 + 2ics)
x n— = . . b
8 2Tl (U4 2iks) T+ 20+ 1) fv)
al\" "1 (1 + (2i + Dgq) (1 + 2idt)
Xion-17 =d | — rl - - ,
gt o 1+ (2i+2)d) 1+ (2i + 1)aq)
b \" VIR (14 (20 + Dhr) (1 + 2iew)
X — =e e b
12n-16 hu N+ @i+ 2)em) 1+ (2 + D)br)

-2

S .

(I+ i+ 1)ks) (1 +2ifv)
L L1+ (2i+2)fp) 1+ (2i + 1)es)’

C }’l—l
Xion-15 = f (%)

~
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(L)” PAZ2 (1 + (2 + Ddl) (1 + (2i +2)aq)

Man-14 =8\ (1 + (20 +2)gq) 1+ (2i + 1)dr) ’
u n—l (1+ (2i + 1)em) (1 + (2i +2)br)
X1on-13 = h (ZZ) § 1+ (20 +2)hr) 1+ (2i+ 1)eu) ’
v \" 1+(2z+1)fp)(1+(2l+2)cs)
Han-12 = (5) (14 (20 +2)ks) 1+ (2i + 1) fv)’
l” a U+QHJM@(H%%+Dm)
X12n-11 = aq (;) ? (1 +2i+2)dl) 1+ (2i + ag)’
myn-1 (1+(2l+1)hr)(1+(21+2)€u)
X12n-10 = 77 (ﬁ) ( ) _o (1+(2i+2)em) 1+ (2i + 1)br) ’
p\n-l (1+(21+1)ks)(1+(21+2)fv)
Hn9 = Ties (%) (_) E)[ (1+(20+2)fp) 1+ (2i + )cs)’
(g™ 12 (1 + (2 + Dag) (1 +2id])
V12120 = 922 = 11_[(1 +(2i +1)gq) (1 +2idt)’
()" 1 n=2 (1+ Qi+ 1)br)(1+2iem)
Yi2n-19 = mn—2pn— 1l_l (1+ Qi+ 1Dhr) (1 +2ieu)’
)" (L + i+ 1) fp) (14 (20 + 1es)
Yi2n-18 = pr=2cn- 11_[ (I+ Qi+ 1)ks)1+2ifv)
C(al\"" T (1+ (20 + Ddr) (1+2igq)
Yi2n-17 = (E) l—[(l + Qi+ 1Ddl) 1+ (2i +2)aq)’
C(bm\" (14 (20 + Dew) (1 +2ikr)
ynw46—r(z;) £1(1+(2b+Dem)l+(2ﬁ+2ﬂWY
Cep\ T T (L4 i+ 1) fv) (1 4+ 2iks)
Yi2n-15 = (E) l—[(1 +Qi+1)fp) 1+ 2i+2)cs)’
a8\ T(1+ (2i +2)dl) (1 + (2i + Dag)
}“*”_t(a) F]U+QHJMWI+@HQM0’

h\"" 1+(21+2)em)(1+(2l+1)br)
Yizn-13 = 1 (_m) PO+ @i+ Dhr) 1+ @i+ 2)en)

-2

ol k (1+(21+2)fp)(1+(21+1)cs)
Yin-12 =¥ (_) rl(1+(21+1)ks)1+(21+2)fv)
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d a1 (1" (1+ 20+ 1D)dt) (1+ (2i +2)gq)
() (_)l—l + Qi+ 1)dt) (1+(2i+2)gq

Y-t = \7 L0 @i+ 2ag) 1+ @i+ 3)dn”
e (B mn T (1 (20 + Dew) (1+ (20 +2)hr)
Y210 = (_) (_) UO (1+ (20 +2)br) L+ (2i + )em)’
O f eyl p\n (L (20 1) fv) (1 (20 +2)ks)
Y= = T (_) (_) H

o (1+Q2i+2)es) 1+ (2i+1)fp) ’
From system (1) that

Y12n-14X12n-17

V12011 (Y120-14X120-17)
n-2
n (i)"“l rl (1+(2i+2)dl) (1+(2i+1)aq)

X12n-8 =

al (1+(2i+1)gq) (1+(2i+2)dt)
=0
n—lln_2 . .
d al (1+(2i+1)gq) (1+2idt)
X 1+ 2ix2)d]) 1 +(2i+ D agq)
i=0
- n-2
d (ayn=1(1\" (1+(2i+1)dr) (1+(2i+2) gq)
T+dl (?) g (1+(2i+2)aq) 1+(2i+3)d])
i=0
n-2

g \n—1 (1+(2i+2)dl)(1+(2i+1)aq)
L+1" (%) (T+(2i+1)g9) (1+(2i+2)d1)

)
wd (a_z)”‘l T (1+(2i+1)gq) (1+2idt)
(1+(2i+2)dl) 1+(2i+1)aq)

i=0

(142idr)
dtn (1+(2lfrz)dz)

n-2
d n-1{71\" (1+2i+1)dr) (1+(2i+2) gq) (142idr)
ma (§) (g) (1+(2i2)aq) 1+(2i3)d]) (1 + dlrl (1+(2Hl-2)dt))

i=0

t(1+dl)/(1+ (2n - 2)dr) (1+@2i+2)aq) 1+ (2i+3)d])
N 1 l‘1(1+(2l+1)dt)(1+(21+2)gq)
(4) (g) ( * 05 2n- Z)dt))

3 (gn)" (1 +dl) l;l (1+Q2i+2)aq) 1+ (2i+3)dl)
a1 (1 + (2n - 1)dr) L1+ 2i+ Ddr) (1+ (20 +2)gq)

Hence,

X12n-8 =

(gn)" =L (1 + (2i + 1)dl) (1 + 2iaq)
an- 11"1—[ (1+2igg) 1+ (2i+1)dt ~

Also, we can prove the other relations. This completes the proofs.
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Yn-5Xn-8
Yn-2(14+yp_5Xp-8)°

Xn-5Yn-8
Xn2(1=Xp_5Yn-8)

2.2 The Second System x,,,| = Vsl =

In this part, we investigate the existence of the solutions for the following system of difference

equations:

Yn—5Xn-8 Xn—-5Yn-8
Yn-2 (1 + yn—an—S) Xn-2 (1 - xn—Syn—S) ’

having nonzero real initial conditions x_,, y_o, @ € {0, 1,2,...8}, where x_sy_g, x_4y_7, X_3Y_¢,

Xn+l = s Yn+l = 2)

X_2y-5,X-1y-4,Xoy-3 # l and x_gy_s5, x_7y_4, X_6y-3, X—5Y-2, X—4y-1 and x_3yo # —1.
Theorem 2. Assume that {x,, y,} is a solution for the system (2). Then for n = 0, 1, ... we obtain

all solutions of system (2) are given by the following expressions

a (D) (=1 +dl)"

amln(1 +don’
(kv)"(=1+ fp)"
c"Ipn(1+ fv)n

X12n-8 = (—1)

X12n-6 = (_1)n

(bm)" (=1 + hr)"

Xim-4 = (=1)"e

; t”gn+l(—1 + dl)n

Xi2n—2 = (=1)

X120 = (=1)"

(hu)"(1 + br)" ’

(al)"(1+di)"
vnkn+1(_1 +fp)n

(ep)"(1+ fo)" ~
m"b"™! (=1 + hr)”

Xizne2 = (=D)"r

(gt)"(1+aq)"

hnun+1(1 + br)n+1 ’

Yizn-g = (=1)"
(k)" (1 +cs)™

lan (-1 +gq)"’

Yizn-6 = (=1)"
(bm)™(1 + eu)"

pilen(=1 + ks)n’

Yion-4 = (=1)"

tn+1gn(1 + aq)n
(al)" (=1 +ggq)"’
VLR (1 + cs)?
(ep)™ (=1 +ks)"’

Yin—2 = (=1)"

yizn = (=1)"

") (=1 + em)"’

m"™ (1 + eu)”

o (huw)* (=1 +em)"
b= tmn(1 + eu)’
(al)" (-1 +gg)"
(g)"(1 +aq)"’
(cp)"(=1+ks)"
X3 = (=D)" f oy (s e’
W (=1 + em)”
(bm)"(1 4+ eu)" ’
lnan+l(_1 +gq)n
gntn+1(l + aq)n+l >
pre™ (=1 + ks)"
knvn+l(1 + CS)”"'I ’
(hu)™(1 + br)"
m"=1pn(=1 + hr)r’
(al)*(1 +dr)"
T (=1 +an™
(ep)"(L+ fv)"
(kv)"(=1+ fp)"
u™ h (1 + br)"
(bm)* (=1 + hr)"’
["a (1 +dt)"
Yians1 = (=1)"! dg"+1t"(—(1 " dl))"+1’

= (=1

12n-7 —

Xim-5 = (-1)"d

Xi2p-1 = (=1)"

Xin41 = (=1)" ¢

X12n+3 = (—1)" s

Yion-7 = (=1)"

Yion-s = (=1)"

Vi3 = (=1)"s

Yizn-1 = (=1)"

Yionsa = (=1)" e

hn+1un(_1 + em)”” ’

n+l .n n
_ " pe™(1+ fv)

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1.
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That is,

ot (80" H(=1+dD)"!
an=2[n=1(1 + dr)n-1’
(kv)" (=1 + fp)"!
Cn—zpn _ 1(1 + fv)”_l ?
(bm)" (=1 + hr)"!
(hu)"1(1 + br)r-1 °
1 tn_lg”(—l +dl)n—1
(al)"1(1 +dt)r-1°
pot VIR (=14 fp)!
(ep)r=1(1+ fyyn-t” g (1 +ag)"

wot M (=1 4 ! w1 P (=1 4 k)™
Xian-10 = (=1)""'r . Xiase = (1)1 sE —
k=tyn(1 + cs)"

h=1yn (1 + br)»

(gt)”_l (1+ aq)”‘1 (hu)”_l (1+ br)”_1
ln—Zan—l(_l + gq)n—l ’ mn—an—l(_l + hr)n—l ’

(kv)" 1 (1 +cs)"! (a)™ (1 + dr)™!
pi2en=1(=1 + ks)n=1’ (gt)"" (=1 +dl)n-1’

(bm)™~! (1 + euy™! ot (ep) 1+ fr)!

(hu)"1(=1+em)r 1’ (kv)n=1(=1+ fp)r-1’

W1+ bryr!

tngn—l(l +aq)n—1
(al)"=1(=1+ggq)" 1’ (bm)"=1(=1 + hr)r=1’
"a"™'(1+dr)+!

VI + es)" ! _(-1)'d
(cp) (=1 + k)17 T2 gt (=1 +di)"
pncn—l(l +fv)n—1

m"b" (1 + eu)™!
hu=1(=1 + em)"’ knyn=1(—1+ fp)r’

(hu)" '(=1 + em)"!
b 2mn=1(1 + eu)n=1’
(a)* ' (=1 +gg)""
(g1 (1 +ag)""~
cp)H(=1+ ks)"!
Xizn-1s = (=1)"7! f((lf\z)"-l((l +Cs)21_1 :
oy WA (=1 + em)" !
(bm)"1(1 + eu)n=1’
ln—lan(_l +86])n_1

X12n-19 = (=1)""!

X12n-20 = (_1)

X1on-1g = (=1)""! X12n-17 = (=1)""'d

-1
Xiom-16 = (=1)"""e

X12n-14 = (=1) X12n-13 = (1)

X1ono11 = (1)1 g

X12n-12 = (_1)

Yian-20 = (=1)"""! Yian-19 = (=1)""!

Yione17 = (=1)"1 g

Yion-1g = (=1)""!

n—1

Yi2n-16 = (1) Yi2n-15 = (=1)

Yizn-14 = (=1)"! Yian-13 = (=1)"!

Yiono12 = (=)™

Xin-9 = (=1)" f

Yion-10 = (=1)"e

Deducing system (2) we get

X120-14Y 12n-17
X12n-11 (1 = X120-14Y 120-17)

—1 "¢ (=1+dD)""! -1 (a)™ ' (1+dt)""!
(0 ) (0 eea)

Y12n-8 =

-1, e (<14gg)"!
( 1) q g”"t”(l+aq)”

—1 g (= 14dD)! -1 (a)" ' (1+dr)"!
(1= (0 ) < (0 e
_ (=D)*(g0)"(1 +aq)" _ 1y (80" +aq)"
(=Drtir-tar (-1 +gq)" (1 - gq) "-la"(-1+gq)"

Also, we can prove the other relations. Thus the proof is completed.
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2.3 The Third System x,, = —=>"-5 Vpp] = ——pu5in-s

Yn-2(1+yn-sxn-g)’ Xn-2(=1+Xp-syn-8) °
In this section, we study the dynamics of the solutions for the following system of difference

equations
Yn—5Xn-8 Xn—-5Yn-8
) )’n+1 = s
Yn—2 (1 + yn-5Xn-3) Xp-2 (=1 +Xp-5yn-s8)
with nonzero real initial conditions x_,, y_o, @ € {0,1,2,...8}, where x_sy_g, Xx_4y_7, X_3y_6,

3)

Xn+l =

X_2y-5, X_1Y-4, Xoy-3 # 1, # % and x_gy-5, X-7Y—-4, X-6Y-3, X-5Y-2, X—4Y-1, X-3Y0 # 1.

Theorem 3. If {x,, y,,} are solutions of difference equation systems (3). Then forn =0, 1, ...

(g0)" (=1 +dD)>"

X24n-8 = a2 120(Z1 4 2gq)" (=1 + di)"(1 + o)™
(hu)** (=1 + em)*"
X24n-7 = 751 5, n n n’
b2=T2n (=1 + 2hr)n (=1 + ew)" (1 + ew)
(kv)2"(=1 + fp)*
X24n—6 = ’
24n—6 c2n=1p2n(—1 4 2ks)* (=1 + fv)*(1 + fv)r
(al)? (=1 +gq)*"
Xo4n-5 =d ’
(g)?" (=1 +2dD)"(~1 + aq)"(1 + aq)"
(bm)?* (=1 + hr)"
X24n—-4 = € ’
24n—4 (hu)zn(_l + 2em)n(_1 + br)n(l + br)n
(cp)? (=1 + ks)?"
X24n-3 = f 2 ’
(kv) (=1 +2fp)"(=1 +cs)" (1 +cs)"
12ng2nt1(_1 4 g[)2n
X24p-2 = —— ’
(al)> (=1 +2g)" (=1 +d1)"(1+dr)"
u2nh2n+l(_1 + €m)2n
X -1 = ’
P ()2 (=1 + 2hr) (=1 + eu)' (1 + eu)”
p2E2EL (] 4 Fp)2n
Xo4n = ’
2T (ep) P (=1 4 2ks) (=1 + fr)r(1+ fv)n
lZna2n+1 (_1 + gq)zn
X24n+1 = qu”tz’”l(—l +2dD)"(-1+aqg)™*(1 + CZQ)n+1 ’
m2p2+ (—1 + hr)2n
X24p+2 =1 ’
24n+2 hznu2"+1(—l + Zem)”(—l + bl’)”(l + br)”“
pemtl (1 + ks)2n
X24p+3 = § ’
24n+3 k224l (=1 + 2 p) (=1 + ¢5)(1 + cs)+!
(gt)2n+1(_1 + dl)2n+l
X = ’
24n+4 g2nj2n+l (-1+2gg)" (-1 +dn)"(1+ a't)”+1
(hu)2n+l(_1 + em)2n+1
X24n45 =

b2nm2n+1(—1 4 2hr)" (=1 + eu)" (1 + eu)™*t’
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(kv)2n+1(_1 +fp)2n+1
c2np2tl (=1 4 2ks)" (=1 + fv)*(1 + fv)rtl’
(al)2”+1(—1 +gq)2n+1
(g)2+1 (=1 +2dD)"™1 (=1 + aq)"(1 + aq)™!’
(bm)2n+l(_1 + hr)2n+1
(hu)?*+1 (=1 + 2em)"™1 (=1 + br)"(1 + br)n+1’
(Cp)2n+1(_1 + ks)2n+1
(kv)2m (=1 4+ 2fp)+ (=1 + cs)"(1 + cs)n*1’
t2n+1g2n+2(_l + dl)2n+l
(al)?+1 (=1 +2gq)" (=1 + dt)"(1 + dr)r+!’
u2n+lh2n+2(_1 + em)2n+l
(bm)2+ (=1 + 2hr)™ 1 (=1 + eu)"(1 + eu)"+!’
v2n+1k2n+2(_1 +fp)2n+1
(ep)? (=1 + 2ks)"™ (=1 + fv)r(1 + fy)n+l’
12n+la2n+2(_1 + gq)2n+l
g2”+1t2”+2(—1 + Zdl)’”] (_1 + aq)”” (1 + aq)”” ’
m2n+1b2n+2(_1 + hr)2n+l

X24n+6 =

Xoane7 = (=1)"'d

X24n+8 = (_l)ne

Xoanso = (=1)" f

X24n10 = (=1)"*!

Xone11 = (=)™

Xone12 = (=)™

Xoane13 = (=1)"g

Xoane1a = (=1)™r

p2n+102n+2(_1 + kS)2n+]
k2n+lv2n+2(_1 + 2fp)n+l(_1 + cs)n+1(1 + Cs)n+l ’
_(g)*(=1+2dD)"(-1+aq)"(1+aq)"

Xoans1s = (=)™ s

Y24n-8 2n=1g20(_1 1 ggq)2 ’
_ (hu)®>(=1+2em)" (=1 + br)"(1 + br)"
Y2An=7 = m2 =120 (=1 + hr)2" ’
Vo = (kv)zn(—l +2fp)" (=1 +cs)*(1+ cs)”’
p2n—1C2n(_1 + ks)2"
s = (aD)? (=1 +2gq)" (=1 +dt)"(1 + dt)”,
(gt)2" (=1 +dl)?
(bm)® (=1 +2hr)" (=1 + eu)(1 + eu)"
Panea T T (hu) " (=1 + em)™ !
ains = S(cp)Z"(—l +2ks)" (=1 + fv)"(1 +fv)”’
(kv)2n(=1+ fp)>
Foin = g2 (—1 4+ 2d1)" (-1 + aq)"(1 + aq)"
(al)®(=1+gq)>"
S W2 (=1 + 2em) (=1 + br)"(1 + br)"

(bm)> (=1 + hr)?" ’

h2n+lu2n+2(_1 + 2em)n+1(_1 + br)n+1(1 + br)n+1 >
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kK22 (1 + 2 p) (=1 + ¢5)" (1 + ¢5)"

Yoan = (cp)2 (1 + ks)2n ’
~ da2”12”+1 (-1+2gq)" (=1 +dt)"(1 +d1)"
Y2dn+1 = t2”g2”+1(—1 + dl)2n+1 ,
_ bP'm? (=1 + 2hr)" (=1 + eu)"(1 + eu)"
Y24n42 = € u2n p2n+] (_1 + em)2n+l ’
PP (14 2ks)" (=1 + fv)" (1 + fv)"
Y24n+3 = f V2nk2n+1(_1 + fp)2n+1 )
_ (g0 (=1 +2d1)" (-1 +ag)" (1 + ag)"’
Y24n+4 = lzna2n+1(_1 + gq)2n+l ’
_ (hw)?™ (=1 +2em)" (=1 + br)"(1 + br)™!
Y24n+s5 = man2n+1(_1 + hr)2n+1 ’
(kv)?™ (=1 +2fp)* (=1 + c5)*(1 + cs)™!
Y2dn+6 = ’

p2n02n+1(_1 + kS)2n+l
(al)®™1 (=1 +2gq)" (=1 + dt)"(1 + dt)"*!
(gt)2n+1 (_1 + dl)2n+1 ’
(bm)?" 1 (=1 + 2hr)" (=1 + eu)" (1 + eu)"*!
(hu)2”+1(—1 + em)2”+1
(cp)?™ (=1 4+ 2ks) (=1 + fv)*(1 + fv)™*!
(kv)2”+1(—1 + fp)2”+1
el g2n+lt2n+2(_1 + 2dl)n+l(_1 + aq)n(l + aq)n+l
Y24nt10 = (1)
(al)2n+1(_1 + gq)2n+1
B2 22 (1 4 Dem)™ (=1 + br)* (1 + br)"*!
)n+1
(bm)z’“'l(—l + hr)2"+1 ’
1k2n+1v2n+2(_1 + zfp)n+1(_1 + CS)"(I + cs)n+1
(Cp)2n+1 (_1 + ks)2n+1
a2n+112n+2(_1 +2gq)n+l(_1 +dt)n(1 + dt)n+l
t2n+1g2n+2(_1 + dl)2n+2
B2 22 (=1 4 2hr)™ (=1 + eu) (1 + eu)™!
u2n+1h2n+2(_1 + em)2n+2
02n+1p2n+2(_1 +2ks)n+l(_1 +fV)n(1 +fv)n+1
v2n+1k2n+2(_1 + fp)2n+2 .

Yoans7 = (=1)"g

Voanss = (=1)"r

b

b

Voan+o = (=1)"s

b

Voan+11 = (=1

Yoan+12 = (=)™

2

Voans13 =d

b

Y24n+14 = €

b

Vodn+1s = f

Proof. For n = 0 the result holds. Now assume that n > 0 and that our assumption holds for n — 1,

that is,
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(gt)Zn—Z(_l + dl)Zn—Z

T3 =3 2n2 (1] 4 2gq) (=1 + do)y - (1 + di)r-1
(hu)?"=2(=1 + em)?>"2
X24p-31 = 2M—=3..2n—-2 -1 -1 -1’
b21=3m20=2(—1 + 2hr)"=1 (=1 + eu)" (1 + eu)"
(kv)?2(=1+ fp)¥2
X24p-30 = -3 -2n—1 -1 -1 -1’
23 p2n=l (=1 4+ 2ks)"= (=1 + fv) =1 (1 + fv)"
X24n-—29 = d (al)* (=1 +gg)*?
" e 2 (<1 + 2dD" (<1 + ag) (1 + ag)"
(bm)? 1 (=1 + hr)?!
Xo4n—28 = € ’
24n-28 (hu)=2(=1 +2em)" 1 (=1 + br)""1(1 + br)"-!
X24n-27 = f (Cp)zn_z(_l - kS)zn_z
T e (<14 2f pyr (1 es) (1 esyn T
12120201 (_1 4 g[)2n—2
X24n-26 = ’
24n-26 (al)2n—2(_l + 2gq)”_1(—1 + dt)”_l(l + dt)n_l
u2=2p2n=1 (1 4 em)2n2
X24p-25 = ’
72 T )22 (<1 + 2hr)" (=1 + ey (1 + eu)™™!
p22p 2=l (_] 4 £p)2n-2
X24n-24 = ~ _ - -1’
(cp)?=2(=1 +2ks)" (=1 + fv)r=1(1 + fr)n-!
[2n=2g2n=1(_1 4 gg)2n2
X24n-23 = qun—Zth—l(_l + Zdl)n—l(_l + aq)”‘l(l + 616])" ’
m2n=2p2n=1(_1 4 pr)2n-2
X2dn-22 =T ’
24n-22 hzn—2u2n—1(_1 +2em)”_1(—1 +b}”)n_1(1 +b},)n
p22e1(Z] 4 ks)2n2
X24p-21 = skzn_zvzn_l(_l + 2fp)n—](_l + cs)n—l(l + Cs)n’
(g0 (=1 +di)>"!
X24m-20 = ’
24m-20 g2n-2]2n-1 (_1 + zgq)n—l (_1 + dl«)n—l (1 + dl)n
(hu)® 1 (=1 + em)>!
X24n—-19 = ’
24n~19 b2=2m2n=1 (-1 + 2hr)"~1 (=1 + eu)" 1 (1 + eu)"
(k) (=1 + fp)>!
X24n-18 =

c2n=2p2n=1(—1 4 2ks)"~1 (=1 + fv)r-1(1 + fv)r’
(al)Zn—l(_l +gq)2n—l
(gn)1(=1+2dD)" (-1 + aq)" (1 +ag)"’
(bm)* ! (=1 + hr)>!
(hu)2=1(=1+2em)" (=1 + br)"~1(1 + br)*’
(Cp)Zn—l(_l +ks)2n—l
(kv)2n=1(=1+2fp)"(=1 + cs)" (1 + cs)’

Xoan-17 = (=1)""'d

Xoan-16 = (=1)" e

Xpan-15 = (=1)"' f
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t2n—1g2n(_1 + dl)Zn—l
(al)?=1(=1+2gq)" (=1 +dt)""1(1 + dt)*’
u2n—1h2n(_1 + em)Zn—l
(bm)2=1(=1 + 2hr)" (=1 + eu)" (1 + eu)"’
v2n—1k2n(_1 +fp)2n—1
(cp)?=1(=1+2ks) (=1 + fv)"1(1 + fv)r’
lZn—laZn(_l + gq)2n—1
—142dD)"(~=1+aq)"(1 +aq)"’
m2n—1b2n(_1 + hr)2n—1
h2n=1y2n (=1 4+ 2em)" (=1 + br)"(1 + br)"’
p2n—162n(_1 + ks)2n—1
k2n=12n(—1 4 2 p)n(=1 + cs)*(1 + cs)"’
(gt)?"2(=1+2dD)" (=1 +aq)" ' (1 + ag)"!
lZn—3a2n—2(_1 + gq)2n—2
(hu)*2(=1+2em)""' (=1 + br)" ' (1 + br)""!
m2n—3b2n—2(_1 + gq)2n—2
(kv)zn_z(—l + 2fp)”_1 (-1+ cs)”_1 (1+ cs)”_1

Xoan-14 = (—1)"

X24n-13 = (=1)"

X24n-12 = (=1)"

_ _ n
X24n-11 = (—1) qun_lth(

X24n-10 = (=1)"r

X24p-9 = (—l)ns

Y24n-32 =

b

Y24n-31 =

B

Y24n-30 = p2=3c2n-2(—| 4 ks)2n-2 ’
Y24n-29 = ¢q (al)?* (-1 +2gq)" ' (=1 +d0)" ' (1 +dr)"!
" (g0)2=2(~1 + dl)2n-2 ’
(bm)*" (=1 +2hr)" ! (=1 + ew)" ' (1 + ew)"™!
g =T ’
Y24n-28 (hu)zn_z(—l + em)Zn—Z
SN . e Gl 7.5 il o P AD i (L 0
n—27 (kv)Z”‘z(—l +fp)2n—2 ’

g2n—2t2n—l (_1 + Zdl)n_l (_1 + aq)n—l (1 + aq)n—l
(al)Zn—2(_1 + gq)2n—2

h2 20 (=1 + 2em)" 1 (=1 + br)"' (1 + br)""!
(bm)2=2(=1 + hr)2n-2 ’

kK222 42 ) (=1 + ¢5)" (1 + ¢s)" !

b

Y24n-26 =

Y24n-25 =

V24n-24 = ()2 2(—1 + ky)2n-2 ;
a? 212N (=14 2gg)" (=1 + d0)" ' (1 + di)"!
Yoan-23=d 121=2g2n=1(_{ ¢ g])2n-1 ’
b2 2m2 = (=1 4 2hr)" V(=1 + er)" 1 (1 + eu)"!
YoAn-22 = € 22201 (1 + em)2n-! :
c2n—2p2n—l(_1 +2ks)n—l(_1 +fv)n—l(1 +fv)n—l
yoan-21 = f V2 (Z] ¢ fp)2n-] ’
S (gn)?" 1(=1+2dD)" (=1 +aq)" ' (1 + aq)"

12}1—202;1—1 (_1 + gq)Zn—l
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(hu)? (=1 +2em)" (=1 + br)" "1 (1 + br)"
m2n=2p2n=1(_1 4 jpr)2n-1
(k)2 1(-1+ pr)”_1 (=1 +cs)™ (1 +cs)"
p2n=2e2-1(_ 4 kg)2n-1
(a)® (=1 +2gq)" (=1 +dt)""" (1 + dt)"
(gt)2"_1(—1 + dl)Zn—l
Vainte = (=1)" 17 (bm)? (=1 +2hr)" (=1 + eu)” ' (1 + eu)”’
(hu)?=1(=1 + em)?n-1
V(=1 4+ 2ks)™ (=1 + fv)" 1 (1 + fv)"
(kv)zn_l(—l + fp)Zn—l ’
n=1g2n(_1 4241 (=1 + aq)" ' (1 + aq)"
(al)2-1(~1 + gg)2n!
h*" 1" (=1 + 2em)" (=1 + br)" ' (1 + br)"
(bm)2=1(=1 + hr)2n-1 ’
k2120 (1 4+ 2fp) (=1 + ¢5)" 1 (1 + cs)"
(Cp)zn_l(—l + ks)Zn—l
a? 1P (=1 +2gq)" (=1 + dt)"" 1 (1 + dr)"
t2n—1g2n(_1 + dl)Zn
b2 m (=1 4 2hr)" (=1 + ew)" ' (1 + eu)”
U121 (=1 + em)2n
22 (=1 + 2ks)" (=1 + f) (1 + fv)"
v2n—1k2n(_1 + fp)Zn :

Y24n-19 =

b

Y24n-18 =

b

Yaun-17 = (=1)" g

o

. (c
Yaan-15 = (=1)" IS( P

V2dn-14 = (—1)"g

b

Yoan-13 = (=1)"

Yoan-12 = (=1)"

2

Voan—11 =d

b

Y24n-10 = €

b

V24n—9 = f

Deducing from system (3) we get,

Y24n-14X24n-17
Y2an-11(1 + Y24n-14X24n-17)
(_1),, gzn‘llzn(—1+2dl)"(—1+aq)"_l(1+aq)”
(al)?r=1(=1+ggq)>~!
-1 (aD) T (-1+gq)*"!
x(=1)" d(gt)zn‘l(—1+2dl)”(—l+aq)”‘1(l+aq)”
da2"-112"(—1+2gq)"(—1+dz)"-1(1+dz)"
t2n71g2n(_1+d1)2n
(_l)ng2"-‘zz"(—1+2dl)"(—1+aq)"-1(1+aq)"
1+ (al)>=1(~1+gq)*"~!
x(=1)"'d (@) ' (~1+gg)*""!
(gH)2n=1(=142d)" (~14+aq)" ' (1+aq)"
_t2ng2n(_1 +dl)2n
a? =12 (=1 + 2gq)" (=1 + dr)" 1 (1 + dt)" (1 — dr)
t2ng2n(_1 +dl)2n
a?=12n (=1 +2gq)" (=1 +dt)"(1 + dt)"’

X24n-8 =
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Similarly, we can prove the other relations.

— Yn-5Xn-8 _ Xn-5Yn-8
24 The Fourth System x,., = V2 (I+ynsxmg)” Y = X S Tx, s yng)

In this subsection, we get the solution of the following system of the difference equations

Yn-5Xn-8 Vsl = Xn-5Yn-8
Yn-2 (1 + yn—5xn—8) ’ " Xn-2 (_1 - xn—Syn—S) ’

with nonzero real initial conditions where x_5y_g, X_4y_7, X_3Y—¢, X_2Y_5, X—1Y—-4, X0y-3 # 1 and

“4)

Xn+l =

X_8Y-5, X-7Y—4> X-6Y-3> X-5Y-2, X—4Y-1,X-3Y0 # —1, # —%-

Theorem 4. Assume that {x,, y,} are solutions of system

Yn-5Xn-8 Yol = Xn-5Yn-8
Yn-2 (1 + )’n—an—S) ’ " Xp—2 (=1 - xn—Syn—S) ’

then forn =0, 1, ..., we see that

Xn+l =

(gt)?" (=1 +dD)"(1 +dD)"(1 +2aq)"
a2n—112n(1 + a’t)z” >
(hu)* (=1 + em)*(1 + em)"(1 + 2br)"
b2n—1m2n(1 + eu)2n >
(kv)* (=1 + fp)"(1+ fp)"(1 +2cs)"
C2n—1p2n(1 + fv)Z” ’
(a)™(=1+gq)"(1 + gq)"(1 +2d1)"
(gH)? (1 +aq)™
(bm)® (=1 + hr)* (1 + hr)"(1 + 2eu)"
(hu)®(1 + br)>n ’
2 (ep)? (=1 + ks) (1 + ks) (1 +2fv)"
Xoan-3 = (=1)"f ()2 (1 5 )2 ;
t20g2 L (1 4 dl) (1 + dD)"(1 + 2aq)"
(a)®(1 + dt)?" ’
u? W2 (=1 + em) (1 + em)™ (1 + 2br)"
(bm)?"(1 + eu)?n ’
VR (1 + Fp) (1 + £p)"(1 + 2cs)"
(cp)®(1 + fv)2n ’
1721 (=1 + g¢)"(1 + g¢)"(1 + 2d1r)"
ant2n+l (1 + aq)2n+l ’

X24n-8 = (—=1)"

X24n-7 = (=1)"

X24n-6 = (=1)"

X24n-5 = (=1)"d

b

Xoan-4 = (=1)"e

X4n—2 = (=1)"

X24n—1 = (=1)"

Xo4n = (=1)"

Xoan+1 = (=1)"g

Page 16



Pure and Applicable Analysis 2023, 2023: 2 https://www.lynnp.org

m2 b2 (=1 + hr)* (=1 + hr)*(1 + 2eu)”
thu2n+1(1 + br)2n+1
2 (1 + ks)"(1+ ks)"(1+2fv)"
k2nv2n+l (1 + CS)2n+1

Xoans2 = (=1)"r

b

14
X24n43 = (=1)"s

2

_ (—1y (g1)2* 1 (=1 +dI)*(1 +dI)™' (1 + 2aq)"
A2ntd = a1 20+ (1 + dp) 2] ;
(=1 (hu)?>™ (=1 + em)™ (1 + em)"* 1 (1 + 2br)"
X24n+5 = \— ,

b2nm2n+1(1 + eu)2n+1
(kv)> (=1 + fp)" (1 + fp)"™' (1 +2cs)"
c2np2n+1(1 + fv)2n+1
(al)>™ ' (=1 +gq)"(1+ gq)™ ' (1 + 2d1)"
(gt)2n+l (1 + aq)2n+l
(bm)?™ (=1 + hr)"(1 + hr)™ 1 (1 + 2eu)”
(hu)2"+1(1 + br)2n+1 ’
o = (_l)nf(qp)Z"+1 (=1 +ks)"(1+ks)"™ ' (1+2fv)"
" (hv) 21 (1 + cs)2m+

(22 (L dD) (1 + dD)™ (1 + 2aq)"™!

X24ns6 = (1)

b

2

Xoane7 = (=1)"d

X24n48 = (—=1)"e

b

X24n+10 = (=1)"

(al)2+1(1 + dr)2n+! ’
_ . n+1u2n+lh2n+2(_1 + em)n(l + em)n+1(1 +2br)n+1
Xpane11 = (=1) (bm)2+1(1 + eu)?n+! ’

_ (Cqyt VIR fp) (14 fp)™ (14 2es)!
X24n+12 = (Cp)2n+1 (1+ fv)2n+1
PPrlg2m2(1 4 gg)™ (1 + gq) " (1 + 2d1)™!
g2 242 (] 4 qg)2n+2
m> 22 (1 4 hr)" (1 + hr)™ 1 (1 + 2eu)!
P21y 2n+2 (1 4 pr)2n+2
2l 22 (] 4 kes)" (1 + ks)™ (1 +2fv)"]
k2m1)2m42 (] 4 o5)2n+2
(g0)*" (1 +ag)™
a?(=1+gq)"(1+gq)"(1 +2dr)"’
(hu)®"(1 + br)?"
m2=1p20 (=1 + hr)"(1 + hr)"(1 + 2eu)"’
(kv)?"(1 + cs)*
p2=le2n(—1 + ks)"(1 + ks)* (1 +2fv)"’
(al)® (1 + dr)®
(g0)2" (=1 +dl)"(1+dl)"(1+2aq)"’

)

Xoan+13 = (—1)"q

b

Xoans14 = (=1)"r

b

P
Xoans1s = (=)™ s

o

Yaan-g = (=1)" =

Y24n-7 = (=1)"

Yoan—6 = (=1)"

Yan-s = (—=1)"q
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(bm)? (1 + eu)*"
(hu)?"(=1 + em)"(1 + em)"(1 + 2br)"’
(ep) (1 + fv)*
(kv)2 (=1 + fp)*(1+ fp)" (1 +2cs)"
g2nt2n+l (1 + aq)2n
(al)>(=1+gq)"(1 +gq)"(1 +2dt)"’
h2nu2n+l(1 + br)2n
(bm)2 (=1 + hr)*(1 + hr)*(1 + 2eu)"’
; k2nv2n+l(1 + CS)Zn
(cp)? (=1 + ks)"(1 + ks) (1 +2fv)"’
Yoane1 = (=1)"d 3 a1+ dp ,
2ng2n+tl(—1 + dI)y"(1 + dl)™ (1 + 2aq)"
b2nm2n+1(1 +€Lt)2n
w2204 (1 4+ em)"(1 + em)"*1(1 + 2br)"’
can2n+1(1 +fv)2n
v22n+l (1 4 Fp)n(1 + fp)+L(1 + 2cs)"’
(gt)2”+1(1 +aq)2n+1
[2nq2n+1(—1 + gq)"(1 + gq)"+*1 (1 +2dt)"’
(hu)2n+1 (1 + br)2n+1
m20p2n+1 (=1 + hr)n(1 + hr)"+1 (1 + 2eu)”’
(kV)2n+1(1 + CS)2n+l
p2c2tl (=1 + ks)"(1 + ks)"™ 1 (1 +2fv)n’
(al)2n+1(l +-dt)2n+1
()21 (=1 +dD)"(1 +dl)"1 (1 +2aq)"+’
(anZWH(l_Feu)mwl
(hu)?*+1 (=1 + em)"(1 + em)"+1(1 + 2br)n+l’
(Cp)2”+1(1 +fv)2"+1
(kv)2 (=14 fp)n(1+ fp)1(1 +2cs)m+t”
g2n+lt2n+2(l + aq)2n+1
(al)>™1(=1+gq)"(1+gq)"1 (1 +2dt)"+!”
h2n+1u2n+2(1 + br)2n+l
(bm)2+ (=1 + hr)" (1 + hr)™ (1 + 2eu)+!’
k2n+1v2n+2(1 + CS)2n+l
(ep)? (=1 + ks)"(1 + ks)+1(1 +2fv)mtl’
a2n+112n+2(1 +-dt)2"+1
t2”+1g2”+2(—1 + dl)””(l + dl)””(l + 2aq)”+1 ’
b2n+1m2n+2(1 +eu)2n+l
u2n+1h2n+2(_1 + em)””(l + em)”“(l + 2br)”+1 ’
CZn+1p2n+2(1 +fV)2n+1
VL2 (1 4 Fp)ntl(1 + fp)mtI(1 + 2¢s)m+] Page 18

Yon-4 = (=1)"r

Yoan—3 = (=1)"s

yoan—2 = (=1)"

Yoan—1 = (=1)"

y2an = (=1)

Yaansz = (=1)"e

Yoansz = (=)™ f

Yaansa = (—=1)"!

Yaanss = (=1)"*!

)n+1

Y24n+6 = (_1

Yaane1 = (=1)"g

Voansg = (=1)"'r

Voanso = (=1)"s

Yaan10 = (=)™

Yaane11 = (=)™

Yaane1z = (=)™

Yoan+13 = (=1)"d

Yoan+14 = (=1)"e

Yoans1s = (=1)"f
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Proof. For n = 0 the result holds. Now, suppose that n > 0 and that our assumption holds for n — 1.

That is,

V21 2(=1+dD)" (A +dD)" (1 + 2ag)™!
a2n—312n—2(1 + dt)Zn—Z

2

(gt
X24n-32 = (=1)" 18

(—1)m! (hu)?2(=1 + em)" ' (1 + em)""' (1 + 2br)"~!
X2an-31 = (— ,
24n=31 H2-3m20-2(1 + eu)2n—2

Xoan_30 = (=1)"! (kv)?2(=1+ fp)" (1 + fp)" ' (1 +2cs)""!

C2n—3p2n—2(1 + fv)Zn—Z
(D) 2(=1+gq)"' (1 +g¢)""' (1 + 2d1)""!
(g)?"2(1 +ag)*? ’
)27 2(=1+ hr)" ' (1 + hr)" 1 (1 + 2eu)™!
(hu)>=2(1 + br)2n-2 ’
N _ (_Dn_lf(cp)z”_z(—l + k)" (1 +ks)" ' (1+2fv)"!
24n=21 (kv)2=2(1 + cs)?n—2 ’
-t 222 (1 4+ dD)" 1 (1 +dD)" (1 + 2aq)"™!
(al)2=2(1 + dt)?n—2 ’
=221 (] 4 em)" (1 + em) 1 (1 +2br)"!
(bm)2=2(1 + eu)?—2 ’
2n—2k2n—l(_1 +fp)n—1(1 +fp)n—1(1 +2€S)n_1
(cp)?=2(1 + fr)2=2
lZn—ZaZn—l(_l +gq)n—1(1 +gq)n—1(1 + 2dt)n_1
g2n—2t2n—l(1 + aq)Zn—l
2072p20 (1 + hr)" (=1 + hr)" "1 (1 + 2eu)"!
th—2u2n—l(1 + br)Zn—l
2726271 4 kes)" (1 + ks)™ (1 +2fv)"!
k2n—2v2n—l(1 + cs)2n—l
(g)?" (=1 +dD)" (1 +dl)"(1 +2aq)"!
a2n—2]2n—1(1 + dt)Zn—l ’
(hu)? (=1 + em)" (1 + em)" (1 + 2br)""!
b2=2m2n=1(1 + eu)2n-1
(kv)? 1 (=1+ fp)" (1 + fp)"(1 +2cs)""!
C2n—2p2n—1(1 + fv)Zn—l
(a1 (=1+gq)" ' (1 +gq)"(1 +2d1)""!
(gt)Zn—l(l + aq)2n—l
(bm)® (=1 + hr)" (1 + hr)*(1 + 2eu)"!
(hu)2”‘l (1 + br)z”_l ’

X2an-29 = (=1)""'d

1 (bm
X24n-28 = (=1)" le(

X24n-26 = (_1

_1u
X24n-25 = (_1)n :

v
Xpan-24 = (=1)"7!

9

Xoan-23 = (=1)""'q

b

_ m
Xpan—22 = (=1)"'r

b

)n—lsp

X24n-21 = (=1

b

X24n—20 = (—=1)"

X24n—19 = (—=1)"

b

X24n—18 = (_1)n

2

Xoan-17 = (=1)""'d

b

X2an-16 = (=1)" e
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o1 = (_1)n_1f(cp)2"_1 (=1 +ks)" " (1+ks)"(1+2fv)"!
(kv)2=1(1 + ¢s)2-1
212 (=1 +dD)" (1 + dD)™(1 + 2aq)"
(al)®=1(1 + dt)?-1 ’
w2 (=1 + em)"™ (1 + em)" (1 + 2br)"
(bm)2=1(1 + eu)?n! ’
v (=1 + ) (1 + fp)*(1 + 2¢s)"
(cp)? T (T + )]
171g2 (=1 + g¢)" (1 + gg)" (1 + 2dt)"
g2n—lt2n(1 + aq)Zn
2=1p2n (1 + b)Y (1 + hr)"(1 + 2eu)”
R2n=1y2n (1 + br)2n
n=1e2m (] 4 ks)™ V(1 + ks)* (1 4+ 2fv)"
k2n=1y2n(1 + cg)2n
(gt)Zn—Z(l +aq)2n—2
a?2(=1+gg)" (1 + gg)" (1 + 2dt)V’
(hu)?""2(1 + br)*"~2
m20=3p20=2(—1 + hr)»1(1 + hr)"1(1 + 2eu)"1’
Vaun30 = (_1)n_1 S (kv)Zn—2(1 + CS)Zn—z |
p=3e2n=2(—1 + ks)"1(1 + ks)"1(1 + 2fv)n!
(al)*2(1 +dr)*>
(g)=2(=1+dD)" (1 +dD)" 1 (1 + 2aq)"1’
(bm)*"2(1 + eu)?" 2
(hu)?=2(=1 + em)" 1 (1 + em)""1(1 + 2br)n-1’
(cp)Zn—Z(l +fV)2n_2
(kv)21=2(=1+ fp)"=1(1+ fp)"=1(1 + 2¢cs)"=1"
@222 (] 4 qq) 22
(al)?2(~1+gq)"1(1 + gg)"~1(1 + 2dr)"=1"
h2n—2u2n—1(1 + br)Zn—Z
(bm)2=2(=1 + hr)" (1 + hr)"1(1 + 2eu)"~V’
k2n—2v2n—1(1 +cs)2n—2
(cp)?=2(=1+ ks)" 1 (1 + ks)" " 1(1 +2fv)n-1’
a2 =221 (1 4 dp)2n=2
12n=2g2n=1(—1 4+ d1)»=-1(1 + d)"(1 + 2aq)"V’
P2 =221 (1 4 o) 22
u?n=2p2n=1(—1 4+ em)"1(1 + em)"(1 + 2br)n-1’

2

Xoan-14 = (—1)"

Xoan-13 = (=1)"

Xoan-12 = (=1)"

b

Xoan-11 = (-1)"q

2

b

_ m
X24n-10 = (=1)""1r

X24n—9 = (—1)nsp

9

Yaan-32 = (=1)"~! 13n3

Yaan—31 = (=1)"!

Yaan-20 = (=1)""1gq

Yaan—ag = (=1)""'r

Yaan-7 = (=1)" s

Yaan—26 = (=1)"!

Yaan-2s = (=1)""!

Voan4 = (=1)"!

Yaan-23 = (=1)"d

Yoan-22 = (—1)"e
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C2n—2p2n—1(1 +fv)2n—2
V22 2n=1(—1 4 fp)n=1(1 + fp)"(1 +2cs)"1’
(gt)Zn—l(l + aq)Zn—l
[2n=2g2n=1(—1 4+ gq)" 1 (1 + gg)"(1 + 2dt)"~1"
(hu)® 1 (1 + br)>*-!
m2=2p2n=1 (=1 + hr)"=1(1 + hr)"(1 + 2eu)" 1’
Votn_1 = (—l)n . (kv)2”—1(1 + CS)Zn—] |
p=2c20=1 (=1 + ks)"1(1 + ks)"(1 +2fv)r-1
(a)> (1 +dr)>!
()21 (=1 +dD)» (1 +dD)"(1 +2aq)"’
(bm)® (1 + eu)>!
(hu)?=1 (=1 + em)" 1 (1 + em)"(1 + 2br)"’
(cpP (L4 fr!
(kv)2n=t (=1 + fp)"=1(1 + fp)*(1 +2cs)"™’
an 1t2n(1 + aq)Zn 1
(al)> (=1 +gq)" 1 (1 + gg)"(1 +2d1)"’
h2n 1 2n(1 + br)Zn 1
(bm)2=1(=1 + hr)" 1 (1 + hr)*(1 + 2eu)"’
k2n—1v2n(1 +CS)2n—1
(ep)2=1(=1+ ks)"1(1 + ks)"(1 +2fv)"’
a2n—112n(1 +dl)2n_1
212 (—1 4 di)"(1 + dl)"(1 + 2aq)"’
b2n—lm2n(1 +eu)2n—l
u2n=1p2n(—1 + em)"(1 + em)"(1 + 2br)"’
c2n—1p2n(1 +fv)2n—l
v2-lgp2n(—1 4+ fp)n(1+ fp)*(1 +2cs)"

Y2n—21 = (=1)"f

Yoan—20 = (=1)"

Yodn—19 = (=1)"

yaan-17 = (=1)" g

Yaan-16 = (=1)""'r

Yoan-1s = (=1)"" s

Voan—14 = (=1)"

Yoan-13 = (=1)"

Yoan-12 = (=1)"

yoan-11 = (=1)""'d

Yaan-10 = (=1)" e

Yoan—o = (=1)""' f

From system (4), we get

Y24n—14X24n—-17
Voan-11 (1 + Y24n-14X24-17)

( 1)” 2n 1t2n(1+aq)2n 1
(al)?n- 1( l+gq)"~1(1+gq)" (1+2d1)"
1,7 (a)® 1 (=1+gg)" ' (1+gqg)" (1+2d1)""!
X( 1)” d (gl)Zn 1(1+aq)2n 1

X24n-8 =

-1 2n 112"(1+dl‘)2n 1
(=D" d,zm Zn( 1+dD)" (1+d1)" (142aq)"
( l)n 2n 112n(1+aq)2n 1
1+ (al)?= 1( 1+gq)"~ 1 (1+gq)" (14+2d1)"

17 (a)* ! (=1+gq)" ' (1+gg)" (1+2d1)""!
X( 1)” d (gt)2n 1(1+aq)2n 1
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—dt/(1 +2dr)

= _ 1 a2n—112n(1+dl)2n—1 _ dt
(=Dr dt2"’1g2"(—1+dl)”(l+dl)"(1+2aq)” (1 (1+2dt))

_ =t21g2 (=1 +dD)" (1 +dl)" (1 +2aq)"
(=D lg2n=12n(1 4 dr)2n=1(1 + dr)

Hence,

(g)?" (=1 +dD)"(1 +dD)"(1 +2aq)"

X24p-8 = (_1)” a2n—112n(1 + dl)z”

Similarly, we can prove the other relations.

2.5 Numerical Examples

In order to confirm our theoretical results, we consider in this section some numerical examples.
Example 1. Consider the system (1) with the initial conditions x_g = =7, x_7 = 0.2, x_¢ = 0.4,
X5 =06,x4=12,x3=2.6,x=06,x_1 =02,x0=12,y.8g=5,y-7=25,y¢=1.5,
yo5=22,y4=15,y3=11,y,=2,y_1 =0.5, and ygo = —4. See Figure 1.

plot of x(n+1)=y(n-5)x(n-8)/(y(n-2)(1+(y(n-5)x(n-8)))),y(n+1)=x(n-5)y(n-8)/(x(n-2)(1+(x(n-5)y(n-8))))
T T T T T

x(n),y(n))

0 5 10 15 20 25 30

Figure 1.

Example 2. Figure 2. below describe the solutions of system (2) when x_g = 0.7, x_7 = 11,

x6=-03,x5=-9x4=T7,x3=-62,x2=5x1=03x=2,y8=-2,y7=09,
Y-6 = 2.5, y-5= -9, Y4 = 0.3, y-3 = 7, Y2 = 2.2, y-1= 14 and Yo = -0.3.
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plot of X(n‘+1)=Y(n-5)X(n-8)/(v‘(n-2)(1 +(V(n-5)X(n-?)))),Y(n+1)=X(n-5)v‘(n-8)/(x(n-2)(1-(X(n-‘5)v(n-8))))

1500 I I I I I
0

Figure 2.

Example 3. See Figure 3, when we take system (3) and putx_g = 1.8,x_7 =5,x_6 = 0.9,x_5 = 0.2,
X—4 = —1.5, X_3 = 2.5, X2 = 0.6, X_1 = 1.3, X0 = 4, y-g8 = 1.6, y-7 = 0.3, Y6 = 1.2, Y5 = 1.3,
Y4 = 09, y_3= —1.5, Yoo = 6.2, y-1 = 1.6 and Yo = 4.3,

plot of x(n+1)=y(n-5)x(n-8)/(y(n-2)(1+(y(n-5)x(n-8)))),y(n+1)=x(n-5)y(n-8)/(x(n-2)(-1+(x(n-5)y(n-8))))
T T T T T

0 5 10 15 20 25 30

Figure 3.

Example 4. Consider the system (4) whenx_g =2.1,x_7 =0.6,x_¢ = 1.8, x_5 = —1.5,x_4 = 10.2,
X_3 = —11, X_p = 3, X_1= 6.3, X0 = 11.4, y-g8 = 3.3, Y7 = —1.5, Y6 = 0.9, Y5 = 12.4, Y4 = 3.2,
y3=12,y_p=2,y_1 =6.6 and ygp = 1.5. See Figure 4.
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1000 plot of X(n‘+1)=Y(n-5)X(n-5)/(Y(‘n-2)(1 +(Y(n-5)x(n-§)))).v(n+1)=X(n-5)v‘(n-8)/(x(n-2)(-1-(X(n‘-5)Y(n-8))))

= -1000 — —

< 2000 - -

-3000 - 1

4000 I I I I I
0

Figure 4.
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