
Pure and Applicable Analysis 2023, 2023: 2 https://www.lynnp.org

On a Higher-Order Systems of Difference Equations

1,2E. M. Elsayed*, 1,3Marwa M. Alzubaidi

1King Abdulaziz University, Faculty of Science, Mathematics Department, P.O. Box 80203,

Jeddah 21589, Saudi Arabia
2Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt
3Mathematics Department, The university College of Duba, University of Tabuk, Tabuk, Saudi

Arabia

*Corresponding author: emmelsayed@yahoo.com

Abstract

Our goal in this objective is to study the form of the solutions of a class of rational systems

of difference equations:

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2(±1 ± 𝑥𝑛−5𝑦𝑛−8)

, 𝑛 = 0, 1, ...,

where the initial conditions 𝑥−𝛼, 𝑦−𝛼, 𝛼 ∈ {0, 1, ..., 8} are non-zero real numbers.

Keywords: Difference equations, Systems of difference equations, Recursive sequences.

1 Introduction

Difference equations has very important in the construction of mathematical models which have

been used by researchers from other fields such as biology (population dynamics in particular),

ecology, engineering and economics, to give simplified solve of real-life problems. The studies

in this interesting area of research will continue to emerge and evolve. The issues of stability and

attractivity in nonlinear difference equations constitute an essential part in the contributions that

have been made to the theory of difference equations. For more results about global character and

local asymptotic stability, see, for instance, [1-56] and the references cited therein.
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Ahmed and Elsayed [1] have got the expressions of solutions of some rational difference equations

systems

𝑥𝑛+1 =
𝑥𝑛−1𝑦𝑛−2

𝑦𝑛 (−1 ± 𝑥𝑛−1𝑦𝑛−2)
, 𝑦𝑛+1 =

𝑦𝑛−1𝑥𝑛−2
𝑥𝑛 (±1 ± 𝑦𝑛−1𝑥𝑛−2)

.

Dekkar et al. [4] obtained the global stability of a third-order nonlinear system of difference

equations with period-two coefficients

𝑥𝑛+1 =
𝑝𝑛 + 𝑦𝑛

𝑝𝑛 + 𝑦𝑛−2
, 𝑦𝑛+1 =

𝑞𝑛 + 𝑥𝑛

𝑞𝑛 + 𝑥𝑛−2
.

In [7] Din investigated the boundedness character, the local asymptotic stability of equilibrium

points and global of the unique positive equilibrium point of a discrete perdator-pery model given

by

𝑥𝑛+1 =
𝛼𝑥𝑛 − 𝛽𝑥𝑛𝑦𝑛

1 + 𝛾𝑥𝑛
, 𝑦𝑛+1 =

𝛿𝑥𝑛𝑦𝑛

𝑥𝑛 + 𝜂𝑦𝑛
.

El-Dessoky [9] obtained the solution for rational systems of difference equations of order three

𝑥𝑛+1 =
𝑦𝑛−2

−1 ± 𝑦𝑛−2𝑥𝑛−1𝑦𝑛
, 𝑦𝑛+1 =

𝑥𝑛−2
±1 ± 𝑥𝑛−2𝑦𝑛−1𝑥𝑛

.

In [10] El-Dessoky and Elsayed studied the solution and periodic nature of some systems of rational

difference equations

𝑥𝑛+1 =
𝑥𝑛𝑦𝑛−1

𝑦𝑛−1 ± 𝑦𝑛
, 𝑦𝑛+1 =

𝑦𝑛𝑥𝑛−1
𝑥𝑛−1 ± 𝑥𝑛

.

El-Dessoky et al. [11] obtained the solutions of the following rational systems of difference

equations

𝑥𝑛+1 =
𝑥𝑛−3𝑦𝑛−4

𝑦𝑛 (±1 ± 𝑥𝑛−3𝑦𝑛−4)
, 𝑦𝑛+1 =

𝑦𝑛−3𝑥𝑛−4
𝑥𝑛 (±1 ± 𝑦𝑛−3𝑥𝑛−4)

.

Elsayed and Ibrahim [22] solved solutions for some systems of nonlinear rational difference equa-

tions

𝑥𝑛+1 =
𝑥𝑛−2𝑦𝑛−1

𝑦𝑛 (±1 ± 𝑥𝑛−2𝑦𝑛−1)
, 𝑦𝑛+1 =

𝑦𝑛−2𝑥𝑛−1
𝑥𝑛 (±1 ± 𝑦𝑛−2𝑥𝑛−1)

.

Elsayed and Alghamdi [23] solved the form of the solution of nonlinear difference equation systems

𝑥𝑛+1 =
𝑥𝑛−7

1 + 𝑥𝑛−7𝑦𝑛−3
, 𝑦𝑛+1 =

𝑦𝑛−7
±1 ± 𝑦𝑛−7𝑥𝑛−3

.

Haddad et al. [32] obtained solution form of a higher-order system of difference equations and

dynamical behavior of its special case

𝑥𝑛+1 =
𝑥
𝑝

𝑛−𝑘+1𝑦𝑛

𝑎𝑦
𝑝

𝑛−𝑘 + 𝑏𝑦𝑛
, 𝑦𝑛+1 =

𝑦
𝑝

𝑛−𝑘+1𝑥𝑛

𝛼𝑥
𝑝

𝑛−𝑘 + 𝛽𝑥𝑛
.
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In [44] Kurbanli studied the behavior of solutions of the following system of difference equations

𝑥𝑛+1 =
𝑥𝑛−1

𝑦𝑛𝑥𝑛−1 − 1
, 𝑦𝑛+1 =

𝑦𝑛−1
𝑥𝑛𝑦𝑛−1 − 1

.

Kurbanli et al. [45], [46] obtained the solutions of following systems

𝑥𝑛+1 =
𝑥𝑛−1 + 𝑦𝑛

𝑦𝑛𝑥𝑛−1 − 1
, 𝑦𝑛+1 =

𝑦𝑛−1 + 𝑥𝑛

𝑥𝑛𝑦𝑛−1 − 1
.

𝑥𝑛+1 =
𝑥𝑛−1

𝑦𝑛𝑥𝑛−1 + 1
, 𝑦𝑛+1 =

𝑦𝑛−1
𝑥𝑛𝑦𝑛−1 + 1

.

Mansour et al. [47] investigated the solutions and periodicity of some systems of difference

equations

𝑥𝑛+1 =
𝑥𝑛−5

−1 + 𝑥𝑛−5𝑦𝑛−2
, 𝑦𝑛+1 =

𝑦𝑛−5
±1 ± 𝑦𝑛−5𝑥𝑛−2

.

Our goal in this article is to investigate the solutions of the following nonlinear difference equations

systems

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (±1 ± 𝑥𝑛−5𝑦𝑛−8)

, 𝑛 = 0, 1, ...,

where the initial conditions are non-zero real numbers.

2 Main Results

2.1 The First System 𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2(1+𝑦𝑛−5𝑥𝑛−8) , 𝑦𝑛+1 =
𝑥𝑛−5𝑦𝑛−8

𝑥𝑛−2(1+𝑥𝑛−5𝑦𝑛−8)

In this section, we get the solutions of the system of higher order difference equations in the form

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (1 + 𝑥𝑛−5𝑦𝑛−8)

, (1)

with nonzero real initial conditions 𝑥−𝛼, 𝑦−𝛼, 𝛼 ∈ {0, 1, 2, ...8}.

Theorem 1. If {𝑥𝑛, 𝑦𝑛} are solutions of difference equation system (1). Then For 𝑛 = 0, 1, 2, ...

𝑥12𝑛−8 =
(𝑔𝑡)𝑛

𝑎𝑛−1𝑙𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑙) (1 + 2𝑖𝑎𝑞)
(1 + 2𝑖𝑔𝑞) 1 + (2𝑖 + 1)𝑑𝑡 ,

𝑥12𝑛−7 =
(ℎ𝑢)𝑛

𝑏𝑛−1𝑚𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑚) (1 + 2𝑖𝑏𝑟)
(1 + 2𝑖ℎ𝑟) 1 + (2𝑖 + 1)𝑒𝑢) ,

Page 3



Pure and Applicable Analysis 2023, 2023: 2 https://www.lynnp.org

𝑥12𝑛−6 =
(𝑘𝑣)𝑛

𝑐𝑛−1𝑝𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + 2𝑖𝑐𝑠)
(1 + 2𝑖𝑘𝑠) 1 + (2𝑖 + 1) 𝑓 𝑣) ,

𝑥12𝑛−5 = 𝑑

(
𝑎𝑙

𝑔𝑡

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑔𝑞) (1 + 2𝑖𝑑𝑡)
(1 + (2𝑖 + 2)𝑑𝑙) 1 + (2𝑖 + 1)𝑎𝑞) ,

𝑥12𝑛−4 = 𝑒

(
𝑏𝑚

ℎ𝑢

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)ℎ𝑟) (1 + 2𝑖𝑒𝑢)
(1 + (2𝑖 + 2)𝑒𝑚) 1 + (2𝑖 + 1)𝑏𝑟) ,

𝑥12𝑛−3 = 𝑓

(𝑐𝑝
𝑘𝑣

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑘𝑠) (1 + 2𝑖 𝑓 𝑣)
(1 + (2𝑖 + 2) 𝑓 𝑝) 1 + (2𝑖 + 1)𝑐𝑠) ,

𝑥12𝑛−2 = 𝑔𝑛+1
( 𝑡

𝑎𝑙

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑙) (1 + (2𝑖 + 2)𝑎𝑞)
(1 + (2𝑖 + 2)𝑔𝑞) 1 + (2𝑖 + 1)𝑑𝑡) ,

𝑥12𝑛−1 = ℎ𝑛+1
( 𝑢

𝑏𝑚

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑚) (1 + (2𝑖 + 2)𝑏𝑟)
(1 + (2𝑖 + 2)ℎ𝑟) 1 + (2𝑖 + 1)𝑒𝑢) ,

𝑥12𝑛 = 𝑘𝑛+1
(
𝑣

𝑐𝑝

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + (2𝑖 + 2)𝑐𝑠)
(1 + (2𝑖 + 2)𝑘𝑠) 1 + (2𝑖 + 1) 𝑓 𝑣) ,

𝑥12𝑛+1 =
𝑞

1 + 𝑎𝑞

(
𝑙

𝑔

)𝑛 (𝑎
𝑡

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑔𝑞) (1 + (2𝑖 + 2)𝑑𝑡)
(1 + (2𝑖 + 2)𝑑𝑙) 1 + (2𝑖 + 1)𝑎𝑞) ,

𝑥12𝑛+2 =
𝑟

1 + 𝑏𝑟

(𝑚
ℎ

)𝑛 (
𝑏

𝑢

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)ℎ𝑟) (1 + (2𝑖 + 2)𝑒𝑢)
(1 + (2𝑖 + 2)𝑒𝑚) 1 + (2𝑖 + 1)𝑏𝑟) ,

𝑥12𝑛+3 =
𝑠

1 + 𝑐𝑠

( 𝑝
𝑘

)𝑛 ( 𝑐
𝑣

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑘𝑠) (1 + (2𝑖 + 2) 𝑓 𝑣)
(1 + (2𝑖 + 2) 𝑓 𝑝) 1 + (2𝑖 + 1)𝑐𝑠) ,

𝑦12𝑛−8 =
(𝑔𝑡)𝑛

𝑙𝑛−1𝑎𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑎𝑞) (1 + 2𝑖𝑑𝑙)
(1 + (2𝑖 + 1)𝑔𝑞) (1 + 2𝑖𝑑𝑡) ,

𝑦12𝑛−7 =
(ℎ𝑢)𝑛

𝑚𝑛−1𝑏𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑏𝑟) (1 + 2𝑖𝑒𝑚)
(1 + (2𝑖 + 1)ℎ𝑟) (1 + 2𝑖𝑒𝑢) ,

𝑦12𝑛−6 =
(𝑘𝑣)𝑛

𝑝𝑛−1𝑐𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + (2𝑖 + 1)𝑐𝑠)
(1 + (2𝑖 + 1)𝑘𝑠) 1 + 2𝑖 𝑓 𝑣) ,

𝑦12𝑛−5 = 𝑞

(
𝑎𝑙

𝑔𝑡

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑡) (1 + 2𝑖𝑔𝑞)
(1 + (2𝑖 + 1)𝑑𝑙) 1 + (2𝑖 + 2)𝑎𝑞) ,

𝑦12𝑛−4 = 𝑟

(
𝑏𝑚

ℎ𝑢

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑢) (1 + 2𝑖ℎ𝑟)
(1 + (2𝑖 + 1)𝑒𝑚) 1 + (2𝑖 + 2)𝑏𝑟) ,

𝑦12𝑛−3 = 𝑠

(𝑐𝑝
𝑘𝑣

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑣) (1 + 2𝑖𝑘𝑠)
(1 + (2𝑖 + 1) 𝑓 𝑝) 1 + (2𝑖 + 2)𝑐𝑠) ,
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𝑦12𝑛−2 = 𝑡𝑛+1
( 𝑔
𝑎𝑙

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 2)𝑑𝑙) (1 + (2𝑖 + 1)𝑎𝑞)
(1 + (2𝑖 + 1)𝑔𝑞) 1 + (2𝑖 + 2)𝑑𝑡) ,

𝑦12𝑛−1 = 𝑢𝑛+1
(
ℎ

𝑏𝑚

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 2)𝑒𝑚) (1 + (2𝑖 + 1)𝑏𝑟)
(1 + (2𝑖 + 1)ℎ𝑟) 1 + (2𝑖 + 2)𝑒𝑢) ,

𝑦12𝑛 = 𝑣𝑛+1
(
𝑘

𝑐𝑝

)𝑛 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 2) 𝑓 𝑝) (1 + (2𝑖 + 1)𝑐𝑠)
(1 + (2𝑖 + 1)𝑘𝑠) 1 + (2𝑖 + 2) 𝑓 𝑣) ,

𝑦12𝑛+1 =
𝑑

1 + 𝑑𝑙

(𝑎
𝑡

)𝑛 (
𝑙

𝑔

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑡) (1 + (2𝑖 + 2)𝑔𝑞)
(1 + (2𝑖 + 2)𝑎𝑞) 1 + (2𝑖 + 3)𝑑𝑙) ,

𝑦12𝑛+2 =
𝑒

1 + 𝑒𝑚

(
𝑏

𝑢

)𝑛 (𝑚
ℎ

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑢) (1 + (2𝑖 + 2)ℎ𝑟)
(1 + (2𝑖 + 2)𝑏𝑟) 1 + (2𝑖 + 1)𝑒𝑚) ,

𝑦12𝑛+3 =
𝑓

1 + 𝑓 𝑝

( 𝑐
𝑣

)𝑛 ( 𝑝
𝑘

)𝑛+1 𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑣) (1 + (2𝑖 + 2)𝑘𝑠)
(1 + (2𝑖 + 2)𝑐𝑠) 1 + (2𝑖 + 1) 𝑓 𝑝) ,

where 𝑥−8 = 𝑎, 𝑥−7 = 𝑏, 𝑥−6 = 𝑐, 𝑥−5 = 𝑑, 𝑥−4 = 𝑒, 𝑥−3 = 𝑓 , 𝑥−2 = 𝑔, 𝑥−1 = ℎ, 𝑥0 = 𝑘, 𝑦−8 = 𝑙,

𝑦−7 = 𝑚, 𝑦−6 = 𝑝, 𝑦−5 = 𝑞, 𝑦−4 = 𝑟, 𝑦−3 = 𝑠, 𝑦−2 = 𝑡, 𝑦−1 = 𝑢 and 𝑦0 = 𝑣.

Proof. For 𝑛 = 0 the result holds. Hence assume that 𝑛 > 0 and that our assumption hold for 𝑛− 1,

that is,

𝑥12𝑛−20 =
(𝑔𝑡)𝑛−1

𝑎𝑛−2𝑙𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑙) (1 + 2𝑖𝑎𝑞)
(1 + 2𝑖𝑔𝑞) 1 + (2𝑖 + 1)𝑑𝑡 ,

𝑥12𝑛−19 =
(ℎ𝑢)𝑛−1

𝑏𝑛−2𝑚𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑚) (1 + 2𝑖𝑏𝑟)
(1 + 2𝑖ℎ𝑟) 1 + (2𝑖 + 1)𝑒𝑢) ,

𝑥12𝑛−18 =
(𝑘𝑣)𝑛−1

𝑐𝑛−2𝑝𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + 2𝑖𝑐𝑠)
(1 + 2𝑖𝑘𝑠) 1 + (2𝑖 + 1) 𝑓 𝑣) ,

𝑥12𝑛−17 = 𝑑

(
𝑎𝑙

𝑔𝑡

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑔𝑞) (1 + 2𝑖𝑑𝑡)
(1 + (2𝑖 + 2)𝑑𝑙) 1 + (2𝑖 + 1)𝑎𝑞) ,

𝑥12𝑛−16 = 𝑒

(
𝑏𝑚

ℎ𝑢

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)ℎ𝑟) (1 + 2𝑖𝑒𝑢)
(1 + (2𝑖 + 2)𝑒𝑚) 1 + (2𝑖 + 1)𝑏𝑟) ,

𝑥12𝑛−15 = 𝑓

(𝑐𝑝
𝑘𝑣

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑘𝑠) (1 + 2𝑖 𝑓 𝑣)
(1 + (2𝑖 + 2) 𝑓 𝑝) 1 + (2𝑖 + 1)𝑐𝑠) ,
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𝑥12𝑛−14 = 𝑔𝑛
( 𝑡

𝑎𝑙

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑙) (1 + (2𝑖 + 2)𝑎𝑞)
(1 + (2𝑖 + 2)𝑔𝑞) 1 + (2𝑖 + 1)𝑑𝑡) ,

𝑥12𝑛−13 = ℎ𝑛
( 𝑢

𝑏𝑚

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑚) (1 + (2𝑖 + 2)𝑏𝑟)
(1 + (2𝑖 + 2)ℎ𝑟) 1 + (2𝑖 + 1)𝑒𝑢) ,

𝑥12𝑛−12 = 𝑘𝑛
(
𝑣

𝑐𝑝

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + (2𝑖 + 2)𝑐𝑠)
(1 + (2𝑖 + 2)𝑘𝑠) 1 + (2𝑖 + 1) 𝑓 𝑣) ,

𝑥12𝑛−11 =
𝑞

1 + 𝑎𝑞

(
𝑙

𝑔

)𝑛−1 (𝑎
𝑡

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑔𝑞) (1 + (2𝑖 + 2)𝑑𝑡)
(1 + (2𝑖 + 2)𝑑𝑙) 1 + (2𝑖 + 1)𝑎𝑞) ,

𝑥12𝑛−10 =
𝑟

1 + 𝑏𝑟

(𝑚
ℎ

)𝑛−1 (
𝑏

𝑢

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)ℎ𝑟) (1 + (2𝑖 + 2)𝑒𝑢)
(1 + (2𝑖 + 2)𝑒𝑚) 1 + (2𝑖 + 1)𝑏𝑟) ,

𝑥12𝑛−9 =
𝑠

1 + 𝑐𝑠

( 𝑝
𝑘

)𝑛−1 ( 𝑐
𝑣

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑘𝑠) (1 + (2𝑖 + 2) 𝑓 𝑣)
(1 + (2𝑖 + 2) 𝑓 𝑝) 1 + (2𝑖 + 1)𝑐𝑠) ,

𝑦12𝑛−20 =
(𝑔𝑡)𝑛−1

𝑙𝑛−2𝑎𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑎𝑞) (1 + 2𝑖𝑑𝑙)
(1 + (2𝑖 + 1)𝑔𝑞) (1 + 2𝑖𝑑𝑡) ,

𝑦12𝑛−19 =
(ℎ𝑢)𝑛−1

𝑚𝑛−2𝑏𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑏𝑟) (1 + 2𝑖𝑒𝑚)
(1 + (2𝑖 + 1)ℎ𝑟) (1 + 2𝑖𝑒𝑢) ,

𝑦12𝑛−18 =
(𝑘𝑣)𝑛−1

𝑝𝑛−2𝑐𝑛−1

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑝) (1 + (2𝑖 + 1)𝑐𝑠)
(1 + (2𝑖 + 1)𝑘𝑠) 1 + 2𝑖 𝑓 𝑣) ,

𝑦12𝑛−17 = 𝑞

(
𝑎𝑙

𝑔𝑡

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑡) (1 + 2𝑖𝑔𝑞)
(1 + (2𝑖 + 1)𝑑𝑙) 1 + (2𝑖 + 2)𝑎𝑞) ,

𝑦12𝑛−16 = 𝑟

(
𝑏𝑚

ℎ𝑢

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑢) (1 + 2𝑖ℎ𝑟)
(1 + (2𝑖 + 1)𝑒𝑚) 1 + (2𝑖 + 2)𝑏𝑟) ,

𝑦12𝑛−15 = 𝑠

(𝑐𝑝
𝑘𝑣

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑣) (1 + 2𝑖𝑘𝑠)
(1 + (2𝑖 + 1) 𝑓 𝑝) 1 + (2𝑖 + 2)𝑐𝑠) ,

𝑦12𝑛−14 = 𝑡𝑛
( 𝑔
𝑎𝑙

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 2)𝑑𝑙) (1 + (2𝑖 + 1)𝑎𝑞)
(1 + (2𝑖 + 1)𝑔𝑞) 1 + (2𝑖 + 2)𝑑𝑡) ,

𝑦12𝑛−13 = 𝑢𝑛
(
ℎ

𝑏𝑚

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 2)𝑒𝑚) (1 + (2𝑖 + 1)𝑏𝑟)
(1 + (2𝑖 + 1)ℎ𝑟) 1 + (2𝑖 + 2)𝑒𝑢) ,

𝑦12𝑛−12 = 𝑣𝑛
(
𝑘

𝑐𝑝

)𝑛−1 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 2) 𝑓 𝑝) (1 + (2𝑖 + 1)𝑐𝑠)
(1 + (2𝑖 + 1)𝑘𝑠) 1 + (2𝑖 + 2) 𝑓 𝑣) ,
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𝑦12𝑛−11 =
𝑑

1 + 𝑑𝑙

(𝑎
𝑡

)𝑛−1 (
𝑙

𝑔

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑡) (1 + (2𝑖 + 2)𝑔𝑞)
(1 + (2𝑖 + 2)𝑎𝑞) 1 + (2𝑖 + 3)𝑑𝑙) ,

𝑦12𝑛−10 =
𝑒

1 + 𝑒𝑚

(
𝑏

𝑢

)𝑛−1 (𝑚
ℎ

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1)𝑒𝑢) (1 + (2𝑖 + 2)ℎ𝑟)
(1 + (2𝑖 + 2)𝑏𝑟) 1 + (2𝑖 + 1)𝑒𝑚) ,

𝑦12𝑛−9 =
𝑓

1 + 𝑓 𝑝

( 𝑐
𝑣

)𝑛−1 ( 𝑝
𝑘

)𝑛 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 1) 𝑓 𝑣) (1 + (2𝑖 + 2)𝑘𝑠)
(1 + (2𝑖 + 2)𝑐𝑠) 1 + (2𝑖 + 1) 𝑓 𝑝) ,

From system (1) that

𝑥12𝑛−8 =
𝑦12𝑛−14𝑥12𝑛−17

𝑦12𝑛−11 (𝑦12𝑛−14𝑥12𝑛−17)

=

©­­­­­«
𝑡𝑛

( 𝑔
𝑎𝑙

)𝑛−1 𝑛−2∏
𝑖=0

(1+(2𝑖+2)𝑑𝑙) (1+(2𝑖+1)𝑎𝑞)
(1+(2𝑖+1)𝑔𝑞) (1+(2𝑖+2)𝑑𝑡)

×𝑑
(
𝑎𝑙
𝑔𝑡

)𝑛−1 𝑛−2∏
𝑖=0

(1+(2𝑖+1)𝑔𝑞) (1+2𝑖𝑑𝑡)
(1+(2𝑖+2)𝑑𝑙)1+(2𝑖+1)𝑎𝑞)

ª®®®®®¬
𝑑
1+𝑑𝑙

(
𝑎
𝑡

)𝑛−1 (
𝑙
𝑔

)𝑛 𝑛−2∏
𝑖=0

(1+(2𝑖+1)𝑑𝑡) (1+(2𝑖+2)𝑔𝑞)
(1+(2𝑖+2)𝑎𝑞)1+(2𝑖+3)𝑑𝑙)

©­­­­­«
1 + 𝑡𝑛

( 𝑔
𝑎𝑙

)𝑛−1 𝑛−2∏
𝑖=0

(1+(2𝑖+2)𝑑𝑙) (1+(2𝑖+1)𝑎𝑞)
(1+(2𝑖+1)𝑔𝑞) (1+(2𝑖+2)𝑑𝑡)

×𝑑
(
𝑎𝑙
𝑔𝑡

)𝑛−1 𝑛−2∏
𝑖=0

(1+(2𝑖+1)𝑔𝑞) (1+2𝑖𝑑𝑡)
(1+(2𝑖+2)𝑑𝑙)1+(2𝑖+1)𝑎𝑞)

ª®®®®®¬
=

𝑑𝑡

𝑛−2∏
𝑖=0

(1+2𝑖𝑑𝑡)
(1+(2𝑖+2)𝑑𝑡)

𝑑
1+𝑑𝑙

(
𝑎
𝑡

)𝑛−1 (
𝑙
𝑔

)𝑛 𝑛−2∏
𝑖=0

(1+(2𝑖+1)𝑑𝑡) (1+(2𝑖+2)𝑔𝑞)
(1+(2𝑖+2)𝑎𝑞)1+(2𝑖+3)𝑑𝑙)

(
1 + 𝑑𝑡

𝑛−2∏
𝑖=0

(1+2𝑖𝑑𝑡)
(1+(2𝑖+2)𝑑𝑡)

)
=

𝑡 (1 + 𝑑𝑙)/(1 + (2𝑛 − 2)𝑑𝑡)(
𝑎
𝑡

)𝑛−1 (
𝑙
𝑔

)𝑛 (
1 + 𝑑𝑡

(1+(2𝑛−2)𝑑𝑡)

) 𝑛−2∏
𝑖=0

(1 + (2𝑖 + 2)𝑎𝑞) 1 + (2𝑖 + 3)𝑑𝑙)
(1 + (2𝑖 + 1)𝑑𝑡) (1 + (2𝑖 + 2)𝑔𝑞)

=
(𝑔𝑡)𝑛 (1 + 𝑑𝑙)

𝑎𝑛−1𝑙𝑛 (1 + (2𝑛 − 1)𝑑𝑡)

𝑛−2∏
𝑖=0

(1 + (2𝑖 + 2)𝑎𝑞) 1 + (2𝑖 + 3)𝑑𝑙)
(1 + (2𝑖 + 1)𝑑𝑡) (1 + (2𝑖 + 2)𝑔𝑞) .

Hence,

𝑥12𝑛−8 =
(𝑔𝑡)𝑛

𝑎𝑛−1𝑙𝑛

𝑛−1∏
𝑖=0

(1 + (2𝑖 + 1)𝑑𝑙) (1 + 2𝑖𝑎𝑞)
(1 + 2𝑖𝑔𝑞) 1 + (2𝑖 + 1)𝑑𝑡 .

Also, we can prove the other relations. This completes the proofs.
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2.2 The Second System 𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2(1+𝑦𝑛−5𝑥𝑛−8) , 𝑦𝑛+1 =
𝑥𝑛−5𝑦𝑛−8

𝑥𝑛−2(1−𝑥𝑛−5𝑦𝑛−8)

In this part, we investigate the existence of the solutions for the following system of difference

equations:

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (1 − 𝑥𝑛−5𝑦𝑛−8)

, (2)

having nonzero real initial conditions 𝑥−𝛼, 𝑦−𝛼, 𝛼 ∈ {0, 1, 2, ...8}, where 𝑥−5𝑦−8, 𝑥−4𝑦−7, 𝑥−3𝑦−6,

𝑥−2𝑦−5, 𝑥−1𝑦−4, 𝑥0𝑦−3 ≠ 1 and 𝑥−8𝑦−5, 𝑥−7𝑦−4, 𝑥−6𝑦−3, 𝑥−5𝑦−2, 𝑥−4𝑦−1 and 𝑥−3𝑦0 ≠ −1.

Theorem 2. Assume that {𝑥𝑛, 𝑦𝑛} is a solution for the system (2). Then for 𝑛 = 0, 1, ... we obtain

all solutions of system (2) are given by the following expressions

𝑥12𝑛−8 = (−1)𝑛 (𝑔𝑡)𝑛 (−1 + 𝑑𝑙)𝑛
𝑎𝑛−1𝑙𝑛 (1 + 𝑑𝑡)𝑛

, 𝑥12𝑛−7 = (−1)𝑛 (ℎ𝑢)𝑛 (−1 + 𝑒𝑚)𝑛
𝑏𝑛−1𝑚𝑛 (1 + 𝑒𝑢)𝑛

,

𝑥12𝑛−6 = (−1)𝑛 (𝑘𝑣)𝑛 (−1 + 𝑓 𝑝)𝑛
𝑐𝑛−1𝑝𝑛 (1 + 𝑓 𝑣)𝑛

, 𝑥12𝑛−5 = (−1)𝑛 𝑑 (𝑎𝑙)
𝑛 (−1 + 𝑔𝑞)𝑛

(𝑔𝑡)𝑛 (1 + 𝑎𝑞)𝑛 ,

𝑥12𝑛−4 = (−1)𝑛 𝑒 (𝑏𝑚)𝑛 (−1 + ℎ𝑟)𝑛
(ℎ𝑢)𝑛 (1 + 𝑏𝑟)𝑛 , 𝑥12𝑛−3 = (−1)𝑛 𝑓

(𝑐𝑝)𝑛 (−1 + 𝑘𝑠)𝑛
(𝑘𝑣)𝑛 (1 + 𝑐𝑠)𝑛 ,

𝑥12𝑛−2 = (−1)𝑛 𝑡
𝑛𝑔𝑛+1(−1 + 𝑑𝑙)𝑛
(𝑎𝑙)𝑛 (1 + 𝑑𝑡)𝑛 , 𝑥12𝑛−1 = (−1)𝑛 𝑢

𝑛ℎ𝑛+1(−1 + 𝑒𝑚)𝑛
(𝑏𝑚)𝑛 (1 + 𝑒𝑢)𝑛 ,

𝑥12𝑛 = (−1)𝑛 𝑣
𝑛𝑘𝑛+1(−1 + 𝑓 𝑝)𝑛
(𝑐𝑝)𝑛 (1 + 𝑓 𝑣)𝑛 , 𝑥12𝑛+1 = (−1)𝑛 𝑞 𝑙

𝑛𝑎𝑛+1(−1 + 𝑔𝑞)𝑛
𝑔𝑛𝑡𝑛+1(1 + 𝑎𝑞)𝑛+1

,

𝑥12𝑛+2 = (−1)𝑛 𝑟 𝑚
𝑛𝑏𝑛+1(−1 + ℎ𝑟)𝑛

ℎ𝑛𝑢𝑛+1(1 + 𝑏𝑟)𝑛+1
, 𝑥12𝑛+3 = (−1)𝑛 𝑠 𝑝

𝑛𝑐𝑛+1(−1 + 𝑘𝑠)𝑛
𝑘𝑛𝑣𝑛+1(1 + 𝑐𝑠)𝑛+1

,

𝑦12𝑛−8 = (−1)𝑛 (𝑔𝑡)𝑛 (1 + 𝑎𝑞)𝑛
𝑙𝑛−1𝑎𝑛 (−1 + 𝑔𝑞)𝑛

, 𝑦12𝑛−7 = (−1)𝑛 (ℎ𝑢)𝑛 (1 + 𝑏𝑟)𝑛
𝑚𝑛−1𝑏𝑛 (−1 + ℎ𝑟)𝑛

,

𝑦12𝑛−6 = (−1)𝑛 (𝑘𝑣)𝑛 (1 + 𝑐𝑠)𝑛
𝑝𝑛−1𝑐𝑛 (−1 + 𝑘𝑠)𝑛

, 𝑦12𝑛−5 = (−1)𝑛 𝑞 (𝑎𝑙)𝑛 (1 + 𝑑𝑡)𝑛
(𝑔𝑡)𝑛 (−1 + 𝑑𝑙)𝑛 ,

𝑦12𝑛−4 = (−1)𝑛 𝑟 (𝑏𝑚)𝑛 (1 + 𝑒𝑢)𝑛
(ℎ𝑢)𝑛 (−1 + 𝑒𝑚)𝑛 , 𝑦12𝑛−3 = (−1)𝑛 𝑠 (𝑐𝑝)𝑛 (1 + 𝑓 𝑣)𝑛

(𝑘𝑣)𝑛 (−1 + 𝑓 𝑝)𝑛 ,

𝑦12𝑛−2 = (−1)𝑛 𝑡𝑛+1𝑔𝑛 (1 + 𝑎𝑞)𝑛
(𝑎𝑙)𝑛 (−1 + 𝑔𝑞)𝑛 , 𝑦12𝑛−1 = (−1)𝑛 𝑢𝑛+1ℎ𝑛 (1 + 𝑏𝑟)𝑛

(𝑏𝑚)𝑛 (−1 + ℎ𝑟)𝑛 ,

𝑦12𝑛 = (−1)𝑛 𝑣𝑛+1𝑘𝑛 (1 + 𝑐𝑠)𝑛
(𝑐𝑝)𝑛 (−1 + 𝑘𝑠)𝑛 , 𝑦12𝑛+1 = (−1)𝑛+1 𝑑 𝑙𝑛+1𝑎𝑛 (1 + 𝑑𝑡)𝑛

𝑔𝑛+1𝑡𝑛 (−1 + 𝑑𝑙)𝑛+1
,

𝑦12𝑛+2 = (−1)𝑛+1 𝑒 𝑚𝑛+1𝑏𝑛 (1 + 𝑒𝑢)𝑛
ℎ𝑛+1𝑢𝑛 (−1 + 𝑒𝑚)𝑛+1

, 𝑥12𝑛+3 = (−1)𝑛+1 𝑓 𝑝𝑛+1𝑐𝑛 (1 + 𝑓 𝑣)𝑛
𝑘𝑛+1𝑣𝑛 (−1 + 𝑓 𝑝)𝑛+1

.

Proof. For 𝑛 = 0 the result holds. Now suppose that 𝑛 > 0 and that our assumption holds for 𝑛− 1.
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That is,

𝑥12𝑛−20 = (−1)𝑛−1 (𝑔𝑡)
𝑛−1(−1 + 𝑑𝑙)𝑛−1

𝑎𝑛−2𝑙𝑛−1(1 + 𝑑𝑡)𝑛−1
, 𝑥12𝑛−19 = (−1)𝑛−1 (ℎ𝑢)

𝑛−1(−1 + 𝑒𝑚)𝑛−1
𝑏𝑛−2𝑚𝑛−1(1 + 𝑒𝑢)𝑛−1

,

𝑥12𝑛−18 = (−1)𝑛−1 (𝑘𝑣)𝑛−1(−1 + 𝑓 𝑝)𝑛−1
𝑐𝑛−2𝑝𝑛 − 1(1 + 𝑓 𝑣)𝑛−1

, 𝑥12𝑛−17 = (−1)𝑛−1 𝑑 (𝑎𝑙)
𝑛−1(−1 + 𝑔𝑞)𝑛−1

(𝑔𝑡)𝑛−1(1 + 𝑎𝑞)𝑛−1
,

𝑥12𝑛−16 = (−1)𝑛−1 𝑒 (𝑏𝑚)𝑛−1(−1 + ℎ𝑟)𝑛−1
(ℎ𝑢)𝑛−1(1 + 𝑏𝑟)𝑛−1

, 𝑥12𝑛−15 = (−1)𝑛−1 𝑓 (𝑐𝑝)
𝑛−1(−1 + 𝑘𝑠)𝑛−1

(𝑘𝑣)𝑛−1(1 + 𝑐𝑠)𝑛−1
,

𝑥12𝑛−14 = (−1)𝑛−1 𝑡
𝑛−1𝑔𝑛 (−1 + 𝑑𝑙)𝑛−1
(𝑎𝑙)𝑛−1(1 + 𝑑𝑡)𝑛−1

, 𝑥12𝑛−13 = (−1)𝑛−1 𝑢
𝑛−1ℎ𝑛 (−1 + 𝑒𝑚)𝑛−1
(𝑏𝑚)𝑛−1(1 + 𝑒𝑢)𝑛−1

,

𝑥12𝑛−12 = (−1)𝑛−1 𝑣
𝑛−1𝑘𝑛 (−1 + 𝑓 𝑝)𝑛−1
(𝑐𝑝)𝑛−1(1 + 𝑓 𝑣)𝑛−1

, 𝑥12𝑛−11 = (−1)𝑛−1 𝑞 𝑙
𝑛−1𝑎𝑛 (−1 + 𝑔𝑞)𝑛−1
𝑔𝑛−1𝑡𝑛 (1 + 𝑎𝑞)𝑛

,

𝑥12𝑛−10 = (−1)𝑛−1 𝑟 𝑚
𝑛−1𝑏𝑛 (−1 + ℎ𝑟)𝑛−1
ℎ𝑛−1𝑢𝑛 (1 + 𝑏𝑟)𝑛

, 𝑥12𝑛−9 = (−1)𝑛−1 𝑠 𝑝
𝑛−1𝑐𝑛 (−1 + 𝑘𝑠)𝑛−1
𝑘𝑛−1𝑣𝑛 (1 + 𝑐𝑠)𝑛

,

𝑦12𝑛−20 = (−1)𝑛−1 (𝑔𝑡)𝑛−1(1 + 𝑎𝑞)𝑛−1
𝑙𝑛−2𝑎𝑛−1(−1 + 𝑔𝑞)𝑛−1

, 𝑦12𝑛−19 = (−1)𝑛−1 (ℎ𝑢)𝑛−1(1 + 𝑏𝑟)𝑛−1
𝑚𝑛−2𝑏𝑛−1(−1 + ℎ𝑟)𝑛−1

,

𝑦12𝑛−18 = (−1)𝑛−1 (𝑘𝑣)𝑛−1(1 + 𝑐𝑠)𝑛−1
𝑝𝑛−2𝑐𝑛−1(−1 + 𝑘𝑠)𝑛−1

, 𝑦12𝑛−17 = (−1)𝑛−1 𝑞 (𝑎𝑙)𝑛−1(1 + 𝑑𝑡)𝑛−1
(𝑔𝑡)𝑛−1(−1 + 𝑑𝑙)𝑛−1

,

𝑦12𝑛−16 = (−1)𝑛−1 𝑟 (𝑏𝑚)𝑛−1(1 + 𝑒𝑢)𝑛−1
(ℎ𝑢)𝑛−1(−1 + 𝑒𝑚)𝑛−1

, 𝑦12𝑛−15 = (−1)𝑛−1 𝑠 (𝑐𝑝)𝑛−1(1 + 𝑓 𝑣)𝑛−1
(𝑘𝑣)𝑛−1(−1 + 𝑓 𝑝)𝑛−1

,

𝑦12𝑛−14 = (−1)𝑛−1 𝑡𝑛𝑔𝑛−1(1 + 𝑎𝑞)𝑛−1
(𝑎𝑙)𝑛−1(−1 + 𝑔𝑞)𝑛−1

, 𝑦12𝑛−13 = (−1)𝑛−1 𝑢𝑛ℎ𝑛−1(1 + 𝑏𝑟)𝑛−1
(𝑏𝑚)𝑛−1(−1 + ℎ𝑟)𝑛−1

,

𝑦12𝑛−12 = (−1)𝑛−1 𝑣𝑛𝑘𝑛−1(1 + 𝑐𝑠)𝑛−1
(𝑐𝑝)𝑛−1(−1 + 𝑘𝑠)𝑛−1

, 𝑦12𝑛−11 = (−1)𝑛 𝑑 𝑙
𝑛𝑎𝑛−1(1 + 𝑑𝑡)𝑛−1
𝑔𝑛𝑡𝑛−1(−1 + 𝑑𝑙)𝑛

,

𝑦12𝑛−10 = (−1)𝑛 𝑒𝑚
𝑛𝑏𝑛−1(1 + 𝑒𝑢)𝑛−1

ℎ𝑛𝑢𝑛−1(−1 + 𝑒𝑚)𝑛
, 𝑥12𝑛−9 = (−1)𝑛 𝑓

𝑝𝑛𝑐𝑛−1(1 + 𝑓 𝑣)𝑛−1
𝑘𝑛𝑣𝑛−1(−1 + 𝑓 𝑝)𝑛

,

Deducing system (2) we get

𝑦12𝑛−8 =
𝑥12𝑛−14𝑦12𝑛−17

𝑥12𝑛−11 (1 − 𝑥12𝑛−14𝑦12𝑛−17)

=

(
(−1)𝑛−1 𝑡𝑛−1𝑔𝑛 (−1+𝑑𝑙)𝑛−1

(𝑎𝑙)𝑛−1 (1+𝑑𝑡)𝑛−1

) (
(−1)𝑛−1 𝑞 (𝑎𝑙)𝑛−1 (1+𝑑𝑡)𝑛−1

(𝑔𝑡)𝑛−1 (−1+𝑑𝑙)𝑛−1

)
(−1)𝑛−1 𝑞 𝑙𝑛−1𝑎𝑛 (−1+𝑔𝑞)𝑛−1

𝑔𝑛−1𝑡𝑛 (1+𝑎𝑞)𝑛(
1 −

(
(−1)𝑛−1 𝑡𝑛−1𝑔𝑛 (−1+𝑑𝑙)𝑛−1

(𝑎𝑙)𝑛−1 (1+𝑑𝑡)𝑛−1

)
×

(
(−1)𝑛−1 𝑞 (𝑎𝑙)𝑛−1 (1+𝑑𝑡)𝑛−1

(𝑔𝑡)𝑛−1 (−1+𝑑𝑙)𝑛−1

))
=

(−1)2𝑛 (𝑔𝑡)𝑛 (1 + 𝑎𝑞)𝑛
(−1)𝑛−1𝑙𝑛−1𝑎𝑛 (−1 + 𝑔𝑞)𝑛−1(1 − 𝑔𝑞)

= (−1)𝑛 (𝑔𝑡)𝑛 (1 + 𝑎𝑞)𝑛
𝑙𝑛−1𝑎𝑛 (−1 + 𝑔𝑞)𝑛

Also, we can prove the other relations. Thus the proof is completed.
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2.3 The Third System 𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2(1+𝑦𝑛−5𝑥𝑛−8) , 𝑦𝑛+1 =
𝑥𝑛−5𝑦𝑛−8

𝑥𝑛−2(−1+𝑥𝑛−5𝑦𝑛−8) .

In this section, we study the dynamics of the solutions for the following system of difference

equations

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (−1 + 𝑥𝑛−5𝑦𝑛−8)

, (3)

with nonzero real initial conditions 𝑥−𝛼, 𝑦−𝛼, 𝛼 ∈ {0, 1, 2, ...8}, where 𝑥−5𝑦−8, 𝑥−4𝑦−7, 𝑥−3𝑦−6,

𝑥−2𝑦−5, 𝑥−1𝑦−4, 𝑥0𝑦−3 ≠ 1,≠ 1
2 and 𝑥−8𝑦−5, 𝑥−7𝑦−4, 𝑥−6𝑦−3, 𝑥−5𝑦−2, 𝑥−4𝑦−1, 𝑥−3𝑦0 ≠ ±1.

Theorem 3. If {𝑥𝑛, 𝑦𝑛} are solutions of difference equation systems (3). Then for 𝑛 = 0, 1, ...

𝑥24𝑛−8 =
(𝑔𝑡)2𝑛 (−1 + 𝑑𝑙)2𝑛

𝑎2𝑛−1𝑙2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛
,

𝑥24𝑛−7 =
(ℎ𝑢)2𝑛 (−1 + 𝑒𝑚)2𝑛

𝑏2𝑛−1𝑚2𝑛 (−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛
,

𝑥24𝑛−6 =
(𝑘𝑣)2𝑛 (−1 + 𝑓 𝑝)2𝑛

𝑐2𝑛−1𝑝2𝑛 (−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛
,

𝑥24𝑛−5 = 𝑑
(𝑎𝑙)2𝑛 (−1 + 𝑔𝑞)2𝑛

(𝑔𝑡)2𝑛 (−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛
,

𝑥24𝑛−4 = 𝑒
(𝑏𝑚)2𝑛 (−1 + ℎ𝑟)2𝑛

(ℎ𝑢)2𝑛 (−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛
,

𝑥24𝑛−3 = 𝑓
(𝑐𝑝)2𝑛 (−1 + 𝑘𝑠)2𝑛

(𝑘𝑣)2𝑛 (−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛
,

𝑥24𝑛−2 =
𝑡2𝑛𝑔2𝑛+1(−1 + 𝑑𝑙)2𝑛

(𝑎𝑙)2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛
,

𝑥24𝑛−1 =
𝑢2𝑛ℎ2𝑛+1(−1 + 𝑒𝑚)2𝑛

(𝑏𝑚)2𝑛 (−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛
,

𝑥24𝑛 =
𝑣2𝑛𝑘2𝑛+1(−1 + 𝑓 𝑝)2𝑛

(𝑐𝑝)2𝑛 (−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛
,

𝑥24𝑛+1 = 𝑞
𝑙2𝑛𝑎2𝑛+1(−1 + 𝑔𝑞)2𝑛

𝑔2𝑛𝑡2𝑛+1(−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛+1
,

𝑥24𝑛+2 = 𝑟
𝑚2𝑛𝑏2𝑛+1(−1 + ℎ𝑟)2𝑛

ℎ2𝑛𝑢2𝑛+1(−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛+1
,

𝑥24𝑛+3 = 𝑠
𝑝2𝑛𝑐2𝑛+1(−1 + 𝑘𝑠)2𝑛

𝑘2𝑛𝑣2𝑛+1(−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛+1
,

𝑥24𝑛+4 =
(𝑔𝑡)2𝑛+1(−1 + 𝑑𝑙)2𝑛+1

𝑎2𝑛𝑙2𝑛+1(−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛+1
,

𝑥24𝑛+5 =
(ℎ𝑢)2𝑛+1(−1 + 𝑒𝑚)2𝑛+1

𝑏2𝑛𝑚2𝑛+1(−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛+1
,
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𝑥24𝑛+6 =
(𝑘𝑣)2𝑛+1(−1 + 𝑓 𝑝)2𝑛+1

𝑐2𝑛𝑝2𝑛+1(−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛+1
,

𝑥24𝑛+7 = (−1)𝑛𝑑 (𝑎𝑙)2𝑛+1(−1 + 𝑔𝑞)2𝑛+1
(𝑔𝑡)2𝑛+1(−1 + 2𝑑𝑙)𝑛+1(−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛+1

,

𝑥24𝑛+8 = (−1)𝑛𝑒 (𝑏𝑚)2𝑛+1(−1 + ℎ𝑟)2𝑛+1
(ℎ𝑢)2𝑛+1(−1 + 2𝑒𝑚)𝑛+1(−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛+1

,

𝑥24𝑛+9 = (−1)𝑛 𝑓 (𝑐𝑝)2𝑛+1(−1 + 𝑘𝑠)2𝑛+1
(𝑘𝑣)2𝑛+1(−1 + 2 𝑓 𝑝)𝑛+1(−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛+1

,

𝑥24𝑛+10 = (−1)𝑛+1 𝑡2𝑛+1𝑔2𝑛+2(−1 + 𝑑𝑙)2𝑛+1
(𝑎𝑙)2𝑛+1(−1 + 2𝑔𝑞)𝑛+1(−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛+1

,

𝑥24𝑛+11 = (−1)𝑛+1 𝑢2𝑛+1ℎ2𝑛+2(−1 + 𝑒𝑚)2𝑛+1
(𝑏𝑚)2𝑛+1(−1 + 2ℎ𝑟)𝑛+1(−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛+1

,

𝑥24𝑛+12 = (−1)𝑛+1 𝑣2𝑛+1𝑘2𝑛+2(−1 + 𝑓 𝑝)2𝑛+1
(𝑐𝑝)2𝑛+1(−1 + 2𝑘𝑠)𝑛+1(−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛+1

,

𝑥24𝑛+13 = (−1)𝑛+1𝑞 𝑙2𝑛+1𝑎2𝑛+2(−1 + 𝑔𝑞)2𝑛+1
𝑔2𝑛+1𝑡2𝑛+2(−1 + 2𝑑𝑙)𝑛+1(−1 + 𝑎𝑞)𝑛+1(1 + 𝑎𝑞)𝑛+1

,

𝑥24𝑛+14 = (−1)𝑛+1𝑟 𝑚2𝑛+1𝑏2𝑛+2(−1 + ℎ𝑟)2𝑛+1
ℎ2𝑛+1𝑢2𝑛+2(−1 + 2𝑒𝑚)𝑛+1(−1 + 𝑏𝑟)𝑛+1(1 + 𝑏𝑟)𝑛+1

,

𝑥24𝑛+15 = (−1)𝑛+1𝑠 𝑝2𝑛+1𝑐2𝑛+2(−1 + 𝑘𝑠)2𝑛+1
𝑘2𝑛+1𝑣2𝑛+2(−1 + 2 𝑓 𝑝)𝑛+1(−1 + 𝑐𝑠)𝑛+1(1 + 𝑐𝑠)𝑛+1

,

𝑦24𝑛−8 =
(𝑔𝑡)2𝑛 (−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛

𝑙2𝑛−1𝑎2𝑛 (−1 + 𝑔𝑞)2𝑛
,

𝑦24𝑛−7 =
(ℎ𝑢)2𝑛 (−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛

𝑚2𝑛−1𝑏2𝑛 (−1 + ℎ𝑟)2𝑛
,

𝑦24𝑛−6 =
(𝑘𝑣)2𝑛 (−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛

𝑝2𝑛−1𝑐2𝑛 (−1 + 𝑘𝑠)2𝑛
,

𝑦24𝑛−5 = 𝑞
(𝑎𝑙)2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛

(𝑔𝑡)2𝑛 (−1 + 𝑑𝑙)2𝑛
,

𝑦24𝑛−4 = 𝑟
(𝑏𝑚)2𝑛 (−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛

(ℎ𝑢)2𝑛 (−1 + 𝑒𝑚)2𝑛
,

𝑦24𝑛−3 = 𝑠
(𝑐𝑝)2𝑛 (−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛

(𝑘𝑣)2𝑛 (−1 + 𝑓 𝑝)2𝑛
,

𝑦24𝑛−2 =
𝑔2𝑛𝑡2𝑛+1(−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛

(𝑎𝑙)2𝑛 (−1 + 𝑔𝑞)2𝑛
,

𝑦24𝑛−1 =
ℎ2𝑛𝑢2𝑛+1(−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛

(𝑏𝑚)2𝑛 (−1 + ℎ𝑟)2𝑛
,
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𝑦24𝑛 =
𝑘2𝑛𝑣2𝑛+1(−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛

(𝑐𝑝)2𝑛 (−1 + 𝑘𝑠)2𝑛
,

𝑦24𝑛+1 = 𝑑
𝑎2𝑛𝑙2𝑛+1(−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛

𝑡2𝑛𝑔2𝑛+1(−1 + 𝑑𝑙)2𝑛+1
,

𝑦24𝑛+2 = 𝑒
𝑏2𝑛𝑚2𝑛+1(−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛

𝑢2𝑛ℎ2𝑛+1(−1 + 𝑒𝑚)2𝑛+1
,

𝑦24𝑛+3 = 𝑓
𝑐2𝑛𝑝2𝑛+1(−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛

𝑣2𝑛𝑘2𝑛+1(−1 + 𝑓 𝑝)2𝑛+1
,

𝑦24𝑛+4 =
(𝑔𝑡)2𝑛+1(−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛+1

𝑙2𝑛𝑎2𝑛+1(−1 + 𝑔𝑞)2𝑛+1
,

𝑦24𝑛+5 =
(ℎ𝑢)2𝑛+1(−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛+1

𝑚2𝑛𝑏2𝑛+1(−1 + ℎ𝑟)2𝑛+1
,

𝑦24𝑛+6 =
(𝑘𝑣)2𝑛+1(−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛+1

𝑝2𝑛𝑐2𝑛+1(−1 + 𝑘𝑠)2𝑛+1
,

𝑦24𝑛+7 = (−1)𝑛𝑞 (𝑎𝑙)
2𝑛+1(−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛+1

(𝑔𝑡)2𝑛+1(−1 + 𝑑𝑙)2𝑛+1
,

𝑦24𝑛+8 = (−1)𝑛𝑟 (𝑏𝑚)2𝑛+1(−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛+1
(ℎ𝑢)2𝑛+1(−1 + 𝑒𝑚)2𝑛+1

,

𝑦24𝑛+9 = (−1)𝑛𝑠 (𝑐𝑝)
2𝑛+1(−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛+1

(𝑘𝑣)2𝑛+1(−1 + 𝑓 𝑝)2𝑛+1
,

𝑦24𝑛+10 = (−1)𝑛+1𝑔
2𝑛+1𝑡2𝑛+2(−1 + 2𝑑𝑙)𝑛+1(−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛+1

(𝑎𝑙)2𝑛+1(−1 + 𝑔𝑞)2𝑛+1
,

𝑦24𝑛+11 = (−1)𝑛+1 ℎ
2𝑛+1𝑢2𝑛+2(−1 + 2𝑒𝑚)𝑛+1(−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛+1

(𝑏𝑚)2𝑛+1(−1 + ℎ𝑟)2𝑛+1
,

𝑦24𝑛+12 = (−1)𝑛+1 𝑘
2𝑛+1𝑣2𝑛+2(−1 + 2 𝑓 𝑝)𝑛+1(−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛+1

(𝑐𝑝)2𝑛+1(−1 + 𝑘𝑠)2𝑛+1
,

𝑦24𝑛+13 = 𝑑
𝑎2𝑛+1𝑙2𝑛+2(−1 + 2𝑔𝑞)𝑛+1(−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛+1

𝑡2𝑛+1𝑔2𝑛+2(−1 + 𝑑𝑙)2𝑛+2
,

𝑦24𝑛+14 = 𝑒
𝑏2𝑛+1𝑚2𝑛+2(−1 + 2ℎ𝑟)𝑛+1(−1 + 𝑒𝑢)𝑛 (1 + 𝑒𝑢)𝑛+1

𝑢2𝑛+1ℎ2𝑛+2(−1 + 𝑒𝑚)2𝑛+2
,

𝑦24𝑛+15 = 𝑓
𝑐2𝑛+1𝑝2𝑛+2(−1 + 2𝑘𝑠)𝑛+1(−1 + 𝑓 𝑣)𝑛 (1 + 𝑓 𝑣)𝑛+1

𝑣2𝑛+1𝑘2𝑛+2(−1 + 𝑓 𝑝)2𝑛+2
.

Proof. For 𝑛 = 0 the result holds. Now assume that 𝑛 > 0 and that our assumption holds for 𝑛 − 1,

that is,
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𝑥24𝑛−32 =
(𝑔𝑡)2𝑛−2(−1 + 𝑑𝑙)2𝑛−2

𝑎2𝑛−3𝑙2𝑛−2(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛−1
,

𝑥24𝑛−31 =
(ℎ𝑢)2𝑛−2(−1 + 𝑒𝑚)2𝑛−2

𝑏2𝑛−3𝑚2𝑛−2(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛−1
,

𝑥24𝑛−30 =
(𝑘𝑣)2𝑛−2(−1 + 𝑓 𝑝)2𝑛−2

𝑐2𝑛−3𝑝2𝑛−1(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛−1
,

𝑥24𝑛−29 = 𝑑
(𝑎𝑙)2𝑛−2(−1 + 𝑔𝑞)2𝑛−2

(𝑔𝑡)2𝑛−2(−1 + 2𝑑𝑙)𝑛−1(−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛−1
,

𝑥24𝑛−28 = 𝑒
(𝑏𝑚)2𝑛−1(−1 + ℎ𝑟)2𝑛−1

(ℎ𝑢)2𝑛−2(−1 + 2𝑒𝑚)𝑛−1(−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛−1
,

𝑥24𝑛−27 = 𝑓
(𝑐𝑝)2𝑛−2(−1 + 𝑘𝑠)2𝑛−2

(𝑘𝑣)2𝑛−2(−1 + 2 𝑓 𝑝)𝑛−1(−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛−1
,

𝑥24𝑛−26 =
𝑡2𝑛−2𝑔2𝑛−1(−1 + 𝑑𝑙)2𝑛−2

(𝑎𝑙)2𝑛−2(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛−1
,

𝑥24𝑛−25 =
𝑢2𝑛−2ℎ2𝑛−1(−1 + 𝑒𝑚)2𝑛−2

(𝑏𝑚)2𝑛−2(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛−1
,

𝑥24𝑛−24 =
𝑣2𝑛−2𝑘2𝑛−1(−1 + 𝑓 𝑝)2𝑛−2

(𝑐𝑝)2𝑛−2(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛−1
,

𝑥24𝑛−23 = 𝑞
𝑙2𝑛−2𝑎2𝑛−1(−1 + 𝑔𝑞)2𝑛−2

𝑔2𝑛−2𝑡2𝑛−1(−1 + 2𝑑𝑙)𝑛−1(−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛
,

𝑥24𝑛−22 = 𝑟
𝑚2𝑛−2𝑏2𝑛−1(−1 + ℎ𝑟)2𝑛−2

ℎ2𝑛−2𝑢2𝑛−1(−1 + 2𝑒𝑚)𝑛−1(−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛
,

𝑥24𝑛−21 = 𝑠
𝑝2𝑛−2𝑐2𝑛−1(−1 + 𝑘𝑠)2𝑛−2

𝑘2𝑛−2𝑣2𝑛−1(−1 + 2 𝑓 𝑝)𝑛−1(−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛
,

𝑥24𝑚−20 =
(𝑔𝑡)2𝑛−1(−1 + 𝑑𝑙)2𝑛−1

𝑎2𝑛−2𝑙2𝑛−1(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛
,

𝑥24𝑛−19 =
(ℎ𝑢)2𝑛−1(−1 + 𝑒𝑚)2𝑛−1

𝑏2𝑛−2𝑚2𝑛−1(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛
,

𝑥24𝑛−18 =
(𝑘𝑣)2𝑛−1(−1 + 𝑓 𝑝)2𝑛−1

𝑐2𝑛−2𝑝2𝑛−1(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛
,

𝑥24𝑛−17 = (−1)𝑛−1𝑑 (𝑎𝑙)2𝑛−1(−1 + 𝑔𝑞)2𝑛−1
(𝑔𝑡)2𝑛−1(−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛

,

𝑥24𝑛−16 = (−1)𝑛−1𝑒 (𝑏𝑚)2𝑛−1(−1 + ℎ𝑟)2𝑛−1
(ℎ𝑢)2𝑛−1(−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛

,

𝑥24𝑛−15 = (−1)𝑛−1 𝑓 (𝑐𝑝)2𝑛−1(−1 + 𝑘𝑠)2𝑛−1
(𝑘𝑣)2𝑛−1(−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛

,
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𝑥24𝑛−14 = (−1)𝑛 𝑡2𝑛−1𝑔2𝑛 (−1 + 𝑑𝑙)2𝑛−1
(𝑎𝑙)2𝑛−1(−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛

,

𝑥24𝑛−13 = (−1)𝑛 𝑢2𝑛−1ℎ2𝑛 (−1 + 𝑒𝑚)2𝑛−1
(𝑏𝑚)2𝑛−1(−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛

,

𝑥24𝑛−12 = (−1)𝑛 𝑣2𝑛−1𝑘2𝑛 (−1 + 𝑓 𝑝)2𝑛−1
(𝑐𝑝)2𝑛−1(−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛

,

𝑥24𝑛−11 = (−1)𝑛𝑞 𝑙2𝑛−1𝑎2𝑛 (−1 + 𝑔𝑞)2𝑛−1
𝑔2𝑛−1𝑡2𝑛 (−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛 (1 + 𝑎𝑞)𝑛

,

𝑥24𝑛−10 = (−1)𝑛𝑟 𝑚2𝑛−1𝑏2𝑛 (−1 + ℎ𝑟)2𝑛−1
ℎ2𝑛−1𝑢2𝑛 (−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛 (1 + 𝑏𝑟)𝑛

,

𝑥24𝑛−9 = (−1)𝑛𝑠 𝑝2𝑛−1𝑐2𝑛 (−1 + 𝑘𝑠)2𝑛−1
𝑘2𝑛−1𝑣2𝑛 (−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛 (1 + 𝑐𝑠)𝑛

,

𝑦24𝑛−32 =
(𝑔𝑡)2𝑛−2(−1 + 2𝑑𝑙)𝑛−1(−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛−1

𝑙2𝑛−3𝑎2𝑛−2(−1 + 𝑔𝑞)2𝑛−2
,

𝑦24𝑛−31 =
(ℎ𝑢)2𝑛−2(−1 + 2𝑒𝑚)𝑛−1(−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛−1

𝑚2𝑛−3𝑏2𝑛−2(−1 + 𝑔𝑞)2𝑛−2
,

𝑦24𝑛−30 =
(𝑘𝑣)2𝑛−2(−1 + 2 𝑓 𝑝)𝑛−1(−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛−1

𝑝2𝑛−3𝑐2𝑛−2(−1 + 𝑘𝑠)2𝑛−2
,

𝑦24𝑛−29 = 𝑞
(𝑎𝑙)2𝑛−2(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛−1

(𝑔𝑡)2𝑛−2(−1 + 𝑑𝑙)2𝑛−2
,

𝑦24𝑛−28 = 𝑟
(𝑏𝑚)2𝑛−2(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛−1

(ℎ𝑢)2𝑛−2(−1 + 𝑒𝑚)2𝑛−2
,

𝑦24𝑛−27 = 𝑠
(𝑐𝑝)2𝑛−2(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛−1

(𝑘𝑣)2𝑛−2(−1 + 𝑓 𝑝)2𝑛−2
,

𝑦24𝑛−26 =
𝑔2𝑛−2𝑡2𝑛−1(−1 + 2𝑑𝑙)𝑛−1(−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛−1

(𝑎𝑙)2𝑛−2(−1 + 𝑔𝑞)2𝑛−2
,

𝑦24𝑛−25 =
ℎ2𝑛−2𝑢2𝑛−1(−1 + 2𝑒𝑚)𝑛−1(−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛−1

(𝑏𝑚)2𝑛−2(−1 + ℎ𝑟)2𝑛−2
,

𝑦24𝑛−24 =
𝑘2𝑛−2𝑣2𝑛−1(−1 + 2 𝑓 𝑝)𝑛−1(−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛−1

(𝑐𝑝)2𝑛−2(−1 + 𝑘𝑠)2𝑛−2
,

𝑦24𝑛−23 = 𝑑
𝑎2𝑛−2𝑙2𝑛−1(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛−1

𝑡2𝑛−2𝑔2𝑛−1(−1 + 𝑑𝑙)2𝑛−1
,

𝑦24𝑛−22 = 𝑒
𝑏2𝑛−2𝑚2𝑛−1(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛−1

𝑢2𝑛−2ℎ2𝑛−1(−1 + 𝑒𝑚)2𝑛−1
,

𝑦24𝑛−21 = 𝑓
𝑐2𝑛−2𝑝2𝑛−1(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛−1

𝑣2𝑛−2𝑘2𝑛−1(−1 + 𝑓 𝑝)2𝑛−1
,

𝑦24𝑛−20 =
(𝑔𝑡)2𝑛−1(−1 + 2𝑑𝑙)𝑛−1(−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛

𝑙2𝑛−2𝑎2𝑛−1(−1 + 𝑔𝑞)2𝑛−1
,

Page 14



Pure and Applicable Analysis 2023, 2023: 2 https://www.lynnp.org

𝑦24𝑛−19 =
(ℎ𝑢)2𝑛−1(−1 + 2𝑒𝑚)𝑛−1(−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛

𝑚2𝑛−2𝑏2𝑛−1(−1 + ℎ𝑟)2𝑛−1
,

𝑦24𝑛−18 =
(𝑘𝑣)2𝑛−1(−1 + 2 𝑓 𝑝)𝑛−1(−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛

𝑝2𝑛−2𝑐2𝑛−1(−1 + 𝑘𝑠)2𝑛−1
,

𝑦24𝑛−17 = (−1)𝑛−1𝑞 (𝑎𝑙)
2𝑛−1(−1 + 2𝑔𝑞)𝑛−1(−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛

(𝑔𝑡)2𝑛−1(−1 + 𝑑𝑙)2𝑛−1
,

𝑦24𝑛−16 = (−1)𝑛−1𝑟 (𝑏𝑚)2𝑛−1(−1 + 2ℎ𝑟)𝑛−1(−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛
(ℎ𝑢)2𝑛−1(−1 + 𝑒𝑚)2𝑛−1

,

𝑦24𝑛−15 = (−1)𝑛−1𝑠 (𝑐𝑝)
2𝑛−1(−1 + 2𝑘𝑠)𝑛−1(−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛

(𝑘𝑣)2𝑛−1(−1 + 𝑓 𝑝)2𝑛−1
,

𝑦24𝑛−14 = (−1)𝑛 𝑔
2𝑛−1𝑡2𝑛 (−1 + 2𝑑𝑙)𝑛 (−1 + 𝑎𝑞)𝑛−1(1 + 𝑎𝑞)𝑛

(𝑎𝑙)2𝑛−1(−1 + 𝑔𝑞)2𝑛−1
,

𝑦24𝑛−13 = (−1)𝑛 ℎ
2𝑛−1𝑢2𝑛 (−1 + 2𝑒𝑚)𝑛 (−1 + 𝑏𝑟)𝑛−1(1 + 𝑏𝑟)𝑛

(𝑏𝑚)2𝑛−1(−1 + ℎ𝑟)2𝑛−1
,

𝑦24𝑛−12 = (−1)𝑛 𝑘
2𝑛−1𝑣2𝑛 (−1 + 2 𝑓 𝑝)𝑛 (−1 + 𝑐𝑠)𝑛−1(1 + 𝑐𝑠)𝑛

(𝑐𝑝)2𝑛−1(−1 + 𝑘𝑠)2𝑛−1
,

𝑦24𝑛−11 = 𝑑
𝑎2𝑛−1𝑙2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛

𝑡2𝑛−1𝑔2𝑛 (−1 + 𝑑𝑙)2𝑛
,

𝑦24𝑛−10 = 𝑒
𝑏2𝑛−1𝑚2𝑛 (−1 + 2ℎ𝑟)𝑛 (−1 + 𝑒𝑢)𝑛−1(1 + 𝑒𝑢)𝑛

𝑢2𝑛−1ℎ2𝑛 (−1 + 𝑒𝑚)2𝑛
,

𝑦24𝑛−9 = 𝑓
𝑐2𝑛−1𝑝2𝑛 (−1 + 2𝑘𝑠)𝑛 (−1 + 𝑓 𝑣)𝑛−1(1 + 𝑓 𝑣)𝑛

𝑣2𝑛−1𝑘2𝑛 (−1 + 𝑓 𝑝)2𝑛
.

Deducing from system (3) we get,

𝑥24𝑛−8 =
𝑦24𝑛−14𝑥24𝑛−17

𝑦24𝑛−11(1 + 𝑦24𝑛−14𝑥24𝑛−17)

=

©­«
(−1)𝑛 𝑔

2𝑛−1𝑡2𝑛 (−1+2𝑑𝑙)𝑛 (−1+𝑎𝑞)𝑛−1 (1+𝑎𝑞)𝑛
(𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)2𝑛−1

×(−1)𝑛−1𝑑 (𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)2𝑛−1
(𝑔𝑡)2𝑛−1 (−1+2𝑑𝑙)𝑛 (−1+𝑎𝑞)𝑛−1 (1+𝑎𝑞)𝑛

ª®¬
𝑑
𝑎2𝑛−1𝑙2𝑛 (−1+2𝑔𝑞)𝑛 (−1+𝑑𝑡)𝑛−1 (1+𝑑𝑡)𝑛

𝑡2𝑛−1𝑔2𝑛 (−1+𝑑𝑙)2𝑛©­«1 + ©­«
(−1)𝑛 𝑔

2𝑛−1𝑡2𝑛 (−1+2𝑑𝑙)𝑛 (−1+𝑎𝑞)𝑛−1 (1+𝑎𝑞)𝑛
(𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)2𝑛−1

×(−1)𝑛−1𝑑 (𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)2𝑛−1
(𝑔𝑡)2𝑛−1 (−1+2𝑑𝑙)𝑛 (−1+𝑎𝑞)𝑛−1 (1+𝑎𝑞)𝑛

ª®¬ª®¬
=

−𝑡2𝑛𝑔2𝑛 (−1 + 𝑑𝑙)2𝑛
𝑎2𝑛−1𝑙2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛−1(1 + 𝑑𝑡)𝑛 (1 − 𝑑𝑡)

=
𝑡2𝑛𝑔2𝑛 (−1 + 𝑑𝑙)2𝑛

𝑎2𝑛−1𝑙2𝑛 (−1 + 2𝑔𝑞)𝑛 (−1 + 𝑑𝑡)𝑛 (1 + 𝑑𝑡)𝑛
.
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Similarly, we can prove the other relations.

2.4 The Fourth System 𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2(1+𝑦𝑛−5𝑥𝑛−8) , 𝑦𝑛+1 =
𝑥𝑛−5𝑦𝑛−8

𝑥𝑛−2(−1−𝑥𝑛−5𝑦𝑛−8) .

In this subsection, we get the solution of the following system of the difference equations

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (−1 − 𝑥𝑛−5𝑦𝑛−8)

, (4)

with nonzero real initial conditions where 𝑥−5𝑦−8, 𝑥−4𝑦−7, 𝑥−3𝑦−6, 𝑥−2𝑦−5, 𝑥−1𝑦−4, 𝑥0𝑦−3 ≠ ±1 and

𝑥−8𝑦−5, 𝑥−7𝑦−4, 𝑥−6𝑦−3, 𝑥−5𝑦−2, 𝑥−4𝑦−1, 𝑥−3𝑦0 ≠ −1,≠ −12 .

Theorem 4. Assume that {𝑥𝑛, 𝑦𝑛} are solutions of system

𝑥𝑛+1 =
𝑦𝑛−5𝑥𝑛−8

𝑦𝑛−2 (1 + 𝑦𝑛−5𝑥𝑛−8)
, 𝑦𝑛+1 =

𝑥𝑛−5𝑦𝑛−8
𝑥𝑛−2 (−1 − 𝑥𝑛−5𝑦𝑛−8)

,

then for 𝑛 = 0, 1, ..., we see that

𝑥24𝑛−8 = (−1)𝑛 (𝑔𝑡)
2𝑛 (−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

𝑎2𝑛−1𝑙2𝑛 (1 + 𝑑𝑡)2𝑛
,

𝑥24𝑛−7 = (−1)𝑛 (ℎ𝑢)
2𝑛 (−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

𝑏2𝑛−1𝑚2𝑛 (1 + 𝑒𝑢)2𝑛
,

𝑥24𝑛−6 = (−1)𝑛 (𝑘𝑣)
2𝑛 (−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

𝑐2𝑛−1𝑝2𝑛 (1 + 𝑓 𝑣)2𝑛
,

𝑥24𝑛−5 = (−1)𝑛𝑑 (𝑎𝑙)
2𝑛 (−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

(𝑔𝑡)2𝑛 (1 + 𝑎𝑞)2𝑛
,

𝑥24𝑛−4 = (−1)𝑛𝑒 (𝑏𝑚)2𝑛 (−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛
(ℎ𝑢)2𝑛 (1 + 𝑏𝑟)2𝑛

,

𝑥24𝑛−3 = (−1)𝑛 𝑓 (𝑐𝑝)
2𝑛 (−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

(𝑘𝑣)2𝑛 (1 + 𝑐𝑠)2𝑛
,

𝑥24𝑛−2 = (−1)𝑛 𝑡
2𝑛𝑔2𝑛+1(−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

(𝑎𝑙)2𝑛 (1 + 𝑑𝑡)2𝑛
,

𝑥24𝑛−1 = (−1)𝑛𝑢
2𝑛ℎ2𝑛+1(−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

(𝑏𝑚)2𝑛 (1 + 𝑒𝑢)2𝑛
,

𝑥24𝑛 = (−1)𝑛 𝑣
2𝑛𝑘2𝑛+1(−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

(𝑐𝑝)2𝑛 (1 + 𝑓 𝑣)2𝑛
,

𝑥24𝑛+1 = (−1)𝑛𝑞 𝑙
2𝑛𝑎2𝑛+1(−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

𝑔2𝑛𝑡2𝑛+1(1 + 𝑎𝑞)2𝑛+1
,
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𝑥24𝑛+2 = (−1)𝑛𝑟 𝑚
2𝑛𝑏2𝑛+1(−1 + ℎ𝑟)𝑛 (−1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛

ℎ2𝑛𝑢2𝑛+1(1 + 𝑏𝑟)2𝑛+1
,

𝑥24𝑛+3 = (−1)𝑛𝑠 𝑝
2𝑛𝑐2𝑛+1(−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

𝑘2𝑛𝑣2𝑛+1(1 + 𝑐𝑠)2𝑛+1
,

𝑥24𝑛+4 = (−1)𝑛+1 (𝑔𝑡)
2𝑛+1(−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛+1(1 + 2𝑎𝑞)𝑛

𝑎2𝑛𝑙2𝑛+1(1 + 𝑑𝑡)2𝑛+1
,

𝑥24𝑛+5 = (−1)𝑛+1 (ℎ𝑢)
2𝑛+1(−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛+1(1 + 2𝑏𝑟)𝑛

𝑏2𝑛𝑚2𝑛+1(1 + 𝑒𝑢)2𝑛+1
,

𝑥24𝑛+6 = (−1)𝑛+1 (𝑘𝑣)
2𝑛+1(−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛+1(1 + 2𝑐𝑠)𝑛

𝑐2𝑛𝑝2𝑛+1(1 + 𝑓 𝑣)2𝑛+1
,

𝑥24𝑛+7 = (−1)𝑛𝑑 (𝑎𝑙)
2𝑛+1(−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛+1(1 + 2𝑑𝑡)𝑛

(𝑔𝑡)2𝑛+1(1 + 𝑎𝑞)2𝑛+1
,

𝑥24𝑛+8 = (−1)𝑛𝑒 (𝑏𝑚)2𝑛+1(−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛+1(1 + 2𝑒𝑢)𝑛
(ℎ𝑢)2𝑛+1(1 + 𝑏𝑟)2𝑛+1

,

𝑥24𝑛+9 = (−1)𝑛 𝑓 (𝑐𝑝)
2𝑛+1(−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛+1(1 + 2 𝑓 𝑣)𝑛

(𝑘𝑣)2𝑛+1(1 + 𝑐𝑠)2𝑛+1
,

𝑥24𝑛+10 = (−1)𝑛+1 𝑡
2𝑛+1𝑔2𝑛+2(−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛+1(1 + 2𝑎𝑞)𝑛+1

(𝑎𝑙)2𝑛+1(1 + 𝑑𝑡)2𝑛+1
,

𝑥24𝑛+11 = (−1)𝑛+1𝑢
2𝑛+1ℎ2𝑛+2(−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛+1(1 + 2𝑏𝑟)𝑛+1

(𝑏𝑚)2𝑛+1(1 + 𝑒𝑢)2𝑛+1
,

𝑥24𝑛+12 = (−1)𝑛+1 𝑣
2𝑛+1𝑘2𝑛+2(−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛+1(1 + 2𝑐𝑠)𝑛+1

(𝑐𝑝)2𝑛+1(1 + 𝑓 𝑣)2𝑛+1
,

𝑥24𝑛+13 = (−1)𝑛𝑞 𝑙
2𝑛+1𝑎2𝑛+2(−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛+1(1 + 2𝑑𝑡)𝑛+1

𝑔2𝑛+1𝑡2𝑛+2(1 + 𝑎𝑞)2𝑛+2
,

𝑥24𝑛+14 = (−1)𝑛𝑟 𝑚
2𝑛+1𝑏2𝑛+2(−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛+1(1 + 2𝑒𝑢)𝑛+1

ℎ2𝑛+1𝑢2𝑛+2(1 + 𝑏𝑟)2𝑛+2
,

𝑥24𝑛+15 = (−1)𝑛+1𝑠 𝑝
2𝑛+1𝑐2𝑛+2(−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛+1(1 + 2 𝑓 𝑣)𝑛+1

𝑘2𝑛+1𝑣2𝑛+2(1 + 𝑐𝑠)2𝑛+2
,

𝑦24𝑛−8 = (−1)𝑛 (𝑔𝑡)2𝑛 (1 + 𝑎𝑞)2𝑛
𝑙2𝑛−1𝑎2𝑛 (−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

,

𝑦24𝑛−7 = (−1)𝑛 (ℎ𝑢)2𝑛 (1 + 𝑏𝑟)2𝑛
𝑚2𝑛−1𝑏2𝑛 (−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛

,

𝑦24𝑛−6 = (−1)𝑛 (𝑘𝑣)2𝑛 (1 + 𝑐𝑠)2𝑛
𝑝2𝑛−1𝑐2𝑛 (−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

,

𝑦24𝑛−5 = (−1)𝑛𝑞 (𝑎𝑙)2𝑛 (1 + 𝑑𝑡)2𝑛
(𝑔𝑡)2𝑛 (−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

,
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𝑦24𝑛−4 = (−1)𝑛𝑟 (𝑏𝑚)2𝑛 (1 + 𝑒𝑢)2𝑛
(ℎ𝑢)2𝑛 (−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

,

𝑦24𝑛−3 = (−1)𝑛𝑠 (𝑐𝑝)2𝑛 (1 + 𝑓 𝑣)2𝑛
(𝑘𝑣)2𝑛 (−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

,

𝑦24𝑛−2 = (−1)𝑛 𝑔2𝑛𝑡2𝑛+1(1 + 𝑎𝑞)2𝑛
(𝑎𝑙)2𝑛 (−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

,

𝑦24𝑛−1 = (−1)𝑛 ℎ2𝑛𝑢2𝑛+1(1 + 𝑏𝑟)2𝑛
(𝑏𝑚)2𝑛 (−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛

,

𝑦24𝑛 = (−1)𝑛 𝑘2𝑛𝑣2𝑛+1(1 + 𝑐𝑠)2𝑛
(𝑐𝑝)2𝑛 (−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

,

𝑦24𝑛+1 = (−1)𝑛+1𝑑 𝑎2𝑛𝑙2𝑛+1(1 + 𝑑𝑡)2𝑛
𝑡2𝑛𝑔2𝑛+1(−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛+1(1 + 2𝑎𝑞)𝑛

,

𝑦24𝑛+2 = (−1)𝑛+1𝑒 𝑏2𝑛𝑚2𝑛+1(1 + 𝑒𝑢)2𝑛
𝑢2𝑛ℎ2𝑛+1(−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛+1(1 + 2𝑏𝑟)𝑛

,

𝑦24𝑛+3 = (−1)𝑛+1 𝑓 𝑐2𝑛𝑝2𝑛+1(1 + 𝑓 𝑣)2𝑛
𝑣2𝑛𝑘2𝑛+1(−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛+1(1 + 2𝑐𝑠)𝑛

,

𝑦24𝑛+4 = (−1)𝑛+1 (𝑔𝑡)2𝑛+1(1 + 𝑎𝑞)2𝑛+1
𝑙2𝑛𝑎2𝑛+1(−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛+1(1 + 2𝑑𝑡)𝑛

,

𝑦24𝑛+5 = (−1)𝑛+1 (ℎ𝑢)2𝑛+1(1 + 𝑏𝑟)2𝑛+1
𝑚2𝑛𝑏2𝑛+1(−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛+1(1 + 2𝑒𝑢)𝑛

,

𝑦24𝑛+6 = (−1)𝑛+1 (𝑘𝑣)2𝑛+1(1 + 𝑐𝑠)2𝑛+1
𝑝2𝑛𝑐2𝑛+1(−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛+1(1 + 2 𝑓 𝑣)𝑛

,

𝑦24𝑛+7 = (−1)𝑛𝑞 (𝑎𝑙)2𝑛+1(1 + 𝑑𝑡)2𝑛+1
(𝑔𝑡)2𝑛+1(−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛+1(1 + 2𝑎𝑞)𝑛+1

,

𝑦24𝑛+8 = (−1)𝑛𝑟 (𝑏𝑚)2𝑛+1(1 + 𝑒𝑢)2𝑛+1
(ℎ𝑢)2𝑛+1(−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛+1(1 + 2𝑏𝑟)𝑛+1

,

𝑦24𝑛+9 = (−1)𝑛𝑠 (𝑐𝑝)2𝑛+1(1 + 𝑓 𝑣)2𝑛+1
(𝑘𝑣)2𝑛+1(−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛+1(1 + 2𝑐𝑠)𝑛+1

,

𝑦24𝑛+10 = (−1)𝑛+1 𝑔2𝑛+1𝑡2𝑛+2(1 + 𝑎𝑞)2𝑛+1
(𝑎𝑙)2𝑛+1(−1 + 𝑔𝑞)𝑛 (1 + 𝑔𝑞)𝑛+1(1 + 2𝑑𝑡)𝑛+1

,

𝑦24𝑛+11 = (−1)𝑛+1 ℎ2𝑛+1𝑢2𝑛+2(1 + 𝑏𝑟)2𝑛+1
(𝑏𝑚)2𝑛+1(−1 + ℎ𝑟)𝑛 (1 + ℎ𝑟)𝑛+1(1 + 2𝑒𝑢)𝑛+1

,

𝑦24𝑛+12 = (−1)𝑛+1 𝑘2𝑛+1𝑣2𝑛+2(1 + 𝑐𝑠)2𝑛+1
(𝑐𝑝)2𝑛+1(−1 + 𝑘𝑠)𝑛 (1 + 𝑘𝑠)𝑛+1(1 + 2 𝑓 𝑣)𝑛+1

,

𝑦24𝑛+13 = (−1)𝑛𝑑 𝑎2𝑛+1𝑙2𝑛+2(1 + 𝑑𝑡)2𝑛+1
𝑡2𝑛+1𝑔2𝑛+2(−1 + 𝑑𝑙)𝑛+1(1 + 𝑑𝑙)𝑛+1(1 + 2𝑎𝑞)𝑛+1

,

𝑦24𝑛+14 = (−1)𝑛𝑒 𝑏2𝑛+1𝑚2𝑛+2(1 + 𝑒𝑢)2𝑛+1
𝑢2𝑛+1ℎ2𝑛+2(−1 + 𝑒𝑚)𝑛+1(1 + 𝑒𝑚)𝑛+1(1 + 2𝑏𝑟)𝑛+1

,

𝑦24𝑛+15 = (−1)𝑛 𝑓 𝑐2𝑛+1𝑝2𝑛+2(1 + 𝑓 𝑣)2𝑛+1
𝑣2𝑛+1𝑘2𝑛+2(−1 + 𝑓 𝑝)𝑛+1(1 + 𝑓 𝑝)𝑛+1(1 + 2𝑐𝑠)𝑛+1
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Proof. For 𝑛 = 0 the result holds. Now, suppose that 𝑛 > 0 and that our assumption holds for 𝑛−1.

That is,

𝑥24𝑛−32 = (−1)𝑛−1 (𝑔𝑡)
2𝑛−2(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛−1(1 + 2𝑎𝑞)𝑛−1

𝑎2𝑛−3𝑙2𝑛−2(1 + 𝑑𝑡)2𝑛−2
,

𝑥24𝑛−31 = (−1)𝑛−1 (ℎ𝑢)
2𝑛−2(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛−1(1 + 2𝑏𝑟)𝑛−1

𝑏2𝑛−3𝑚2𝑛−2(1 + 𝑒𝑢)2𝑛−2
,

𝑥24𝑛−30 = (−1)𝑛−1 (𝑘𝑣)
2𝑛−2(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛−1(1 + 2𝑐𝑠)𝑛−1

𝑐2𝑛−3𝑝2𝑛−2(1 + 𝑓 𝑣)2𝑛−2
,

𝑥24𝑛−29 = (−1)𝑛−1𝑑 (𝑎𝑙)
2𝑛−2(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛−1(1 + 2𝑑𝑡)𝑛−1

(𝑔𝑡)2𝑛−2(1 + 𝑎𝑞)2𝑛−2
,

𝑥24𝑛−28 = (−1)𝑛−1𝑒 (𝑏𝑚)2𝑛−2(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛−1(1 + 2𝑒𝑢)𝑛−1
(ℎ𝑢)2𝑛−2(1 + 𝑏𝑟)2𝑛−2

,

𝑥24𝑛−27 = (−1)𝑛−1 𝑓 (𝑐𝑝)
2𝑛−2(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛−1(1 + 2 𝑓 𝑣)𝑛−1

(𝑘𝑣)2𝑛−2(1 + 𝑐𝑠)2𝑛−2
,

𝑥24𝑛−26 = (−1)𝑛−1 𝑡
2𝑛−2𝑔2𝑛−1(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛−1(1 + 2𝑎𝑞)𝑛−1

(𝑎𝑙)2𝑛−2(1 + 𝑑𝑡)2𝑛−2
,

𝑥24𝑛−25 = (−1)𝑛−1𝑢
2𝑛−2ℎ2𝑛−1(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛−1(1 + 2𝑏𝑟)𝑛−1

(𝑏𝑚)2𝑛−2(1 + 𝑒𝑢)2𝑛−2
,

𝑥24𝑛−24 = (−1)𝑛−1 𝑣
2𝑛−2𝑘2𝑛−1(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛−1(1 + 2𝑐𝑠)𝑛−1

(𝑐𝑝)2𝑛−2(1 + 𝑓 𝑣)2𝑛−2
,

𝑥24𝑛−23 = (−1)𝑛−1𝑞 𝑙
2𝑛−2𝑎2𝑛−1(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛−1(1 + 2𝑑𝑡)𝑛−1

𝑔2𝑛−2𝑡2𝑛−1(1 + 𝑎𝑞)2𝑛−1
,

𝑥24𝑛−22 = (−1)𝑛−1𝑟 𝑚
2𝑛−2𝑏2𝑛−1(−1 + ℎ𝑟)𝑛−1(−1 + ℎ𝑟)𝑛−1(1 + 2𝑒𝑢)𝑛−1

ℎ2𝑛−2𝑢2𝑛−1(1 + 𝑏𝑟)2𝑛−1
,

𝑥24𝑛−21 = (−1)𝑛−1𝑠 𝑝
2𝑛−2𝑐2𝑛−1(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛−1(1 + 2 𝑓 𝑣)𝑛−1

𝑘2𝑛−2𝑣2𝑛−1(1 + 𝑐𝑠)2𝑛−1
,

𝑥24𝑛−20 = (−1)𝑛 (𝑔𝑡)
2𝑛−1(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛−1

𝑎2𝑛−2𝑙2𝑛−1(1 + 𝑑𝑡)2𝑛−1
,

𝑥24𝑛−19 = (−1)𝑛 (ℎ𝑢)
2𝑛−1(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛−1

𝑏2𝑛−2𝑚2𝑛−1(1 + 𝑒𝑢)2𝑛−1
,

𝑥24𝑛−18 = (−1)𝑛 (𝑘𝑣)
2𝑛−1(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛−1

𝑐2𝑛−2𝑝2𝑛−1(1 + 𝑓 𝑣)2𝑛−1
,

𝑥24𝑛−17 = (−1)𝑛−1𝑑 (𝑎𝑙)
2𝑛−1(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛−1

(𝑔𝑡)2𝑛−1(1 + 𝑎𝑞)2𝑛−1
,

𝑥24𝑛−16 = (−1)𝑛−1𝑒 (𝑏𝑚)2𝑛−1(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛−1
(ℎ𝑢)2𝑛−1(1 + 𝑏𝑟)2𝑛−1

,
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𝑥24𝑛−15 = (−1)𝑛−1 𝑓 (𝑐𝑝)
2𝑛−1(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛−1

(𝑘𝑣)2𝑛−1(1 + 𝑐𝑠)2𝑛−1
,

𝑥24𝑛−14 = (−1)𝑛 𝑡
2𝑛−1𝑔2𝑛 (−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

(𝑎𝑙)2𝑛−1(1 + 𝑑𝑡)2𝑛−1
,

𝑥24𝑛−13 = (−1)𝑛𝑢
2𝑛−1ℎ2𝑛 (−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

(𝑏𝑚)2𝑛−1(1 + 𝑒𝑢)2𝑛−1
,

𝑥24𝑛−12 = (−1)𝑛 𝑣
2𝑛−1𝑘2𝑛 (−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

(𝑐𝑝)2𝑛−1(1 + 𝑓 𝑣)2𝑛−1
,

𝑥24𝑛−11 = (−1)𝑛𝑞 𝑙
2𝑛−1𝑎2𝑛 (−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

𝑔2𝑛−1𝑡2𝑛 (1 + 𝑎𝑞)2𝑛
,

𝑥24𝑛−10 = (−1)𝑛−1𝑟 𝑚
2𝑛−1𝑏2𝑛 (−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛

ℎ2𝑛−1𝑢2𝑛 (1 + 𝑏𝑟)2𝑛
,

𝑥24𝑛−9 = (−1)𝑛𝑠 𝑝
2𝑛−1𝑐2𝑛 (−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

𝑘2𝑛−1𝑣2𝑛 (1 + 𝑐𝑠)2𝑛
,

𝑦24𝑛−32 = (−1)𝑛−1 (𝑔𝑡)2𝑛−2(1 + 𝑎𝑞)2𝑛−2
𝑙2𝑛−3𝑎2𝑛−2(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛−1(1 + 2𝑑𝑡)𝑛−1

,

𝑦24𝑛−31 = (−1)𝑛−1 (ℎ𝑢)2𝑛−2(1 + 𝑏𝑟)2𝑛−2
𝑚2𝑛−3𝑏2𝑛−2(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛−1(1 + 2𝑒𝑢)𝑛−1

,

𝑦24𝑛−30 = (−1)𝑛−1 (𝑘𝑣)2𝑛−2(1 + 𝑐𝑠)2𝑛−2
𝑝2𝑛−3𝑐2𝑛−2(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛−1(1 + 2 𝑓 𝑣)𝑛−1

,

𝑦24𝑛−29 = (−1)𝑛−1𝑞 (𝑎𝑙)2𝑛−2(1 + 𝑑𝑡)2𝑛−2
(𝑔𝑡)2𝑛−2(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛−1(1 + 2𝑎𝑞)𝑛−1

,

𝑦24𝑛−28 = (−1)𝑛−1𝑟 (𝑏𝑚)2𝑛−2(1 + 𝑒𝑢)2𝑛−2
(ℎ𝑢)2𝑛−2(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛−1(1 + 2𝑏𝑟)𝑛−1

,

𝑦24𝑛−27 = (−1)𝑛−1𝑠 (𝑐𝑝)2𝑛−2(1 + 𝑓 𝑣)2𝑛−2
(𝑘𝑣)2𝑛−2(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛−1(1 + 2𝑐𝑠)𝑛−1

,

𝑦24𝑛−26 = (−1)𝑛−1 𝑔2𝑛−2𝑡2𝑛−1(1 + 𝑎𝑞)2𝑛−2
(𝑎𝑙)2𝑛−2(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛−1(1 + 2𝑑𝑡)𝑛−1

,

𝑦24𝑛−25 = (−1)𝑛−1 ℎ2𝑛−2𝑢2𝑛−1(1 + 𝑏𝑟)2𝑛−2
(𝑏𝑚)2𝑛−2(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛−1(1 + 2𝑒𝑢)𝑛−1

,

𝑦24𝑛−24 = (−1)𝑛−1 𝑘2𝑛−2𝑣2𝑛−1(1 + 𝑐𝑠)2𝑛−2
(𝑐𝑝)2𝑛−2(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛−1(1 + 2 𝑓 𝑣)𝑛−1

,

𝑦24𝑛−23 = (−1)𝑛𝑑 𝑎2𝑛−2𝑙2𝑛−1(1 + 𝑑𝑡)2𝑛−2
𝑡2𝑛−2𝑔2𝑛−1(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛−1

,

𝑦24𝑛−22 = (−1)𝑛𝑒 𝑏2𝑛−2𝑚2𝑛−1(1 + 𝑒𝑢)2𝑛−2
𝑢2𝑛−2ℎ2𝑛−1(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛−1

,
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𝑦24𝑛−21 = (−1)𝑛 𝑓 𝑐2𝑛−2𝑝2𝑛−1(1 + 𝑓 𝑣)2𝑛−2
𝑣2𝑛−2𝑘2𝑛−1(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛−1

,

𝑦24𝑛−20 = (−1)𝑛 (𝑔𝑡)2𝑛−1(1 + 𝑎𝑞)2𝑛−1
𝑙2𝑛−2𝑎2𝑛−1(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛−1

,

𝑦24𝑛−19 = (−1)𝑛 (ℎ𝑢)2𝑛−1(1 + 𝑏𝑟)2𝑛−1
𝑚2𝑛−2𝑏2𝑛−1(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛−1

,

𝑦24𝑛−18 = (−1)𝑛 (𝑘𝑣)2𝑛−1(1 + 𝑐𝑠)2𝑛−1
𝑝2𝑛−2𝑐2𝑛−1(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛−1

,

𝑦24𝑛−17 = (−1)𝑛−1𝑞 (𝑎𝑙)2𝑛−1(1 + 𝑑𝑡)2𝑛−1
(𝑔𝑡)2𝑛−1(−1 + 𝑑𝑙)𝑛−1(1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

,

𝑦24𝑛−16 = (−1)𝑛−1𝑟 (𝑏𝑚)2𝑛−1(1 + 𝑒𝑢)2𝑛−1
(ℎ𝑢)2𝑛−1(−1 + 𝑒𝑚)𝑛−1(1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

,

𝑦24𝑛−15 = (−1)𝑛−1𝑠 (𝑐𝑝)2𝑛−1(1 + 𝑓 𝑣)2𝑛−1
(𝑘𝑣)2𝑛−1(−1 + 𝑓 𝑝)𝑛−1(1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

,

𝑦24𝑛−14 = (−1)𝑛 𝑔2𝑛−1𝑡2𝑛 (1 + 𝑎𝑞)2𝑛−1
(𝑎𝑙)2𝑛−1(−1 + 𝑔𝑞)𝑛−1(1 + 𝑔𝑞)𝑛 (1 + 2𝑑𝑡)𝑛

,

𝑦24𝑛−13 = (−1)𝑛 ℎ2𝑛−1𝑢2𝑛 (1 + 𝑏𝑟)2𝑛−1
(𝑏𝑚)2𝑛−1(−1 + ℎ𝑟)𝑛−1(1 + ℎ𝑟)𝑛 (1 + 2𝑒𝑢)𝑛

,

𝑦24𝑛−12 = (−1)𝑛 𝑘2𝑛−1𝑣2𝑛 (1 + 𝑐𝑠)2𝑛−1
(𝑐𝑝)2𝑛−1(−1 + 𝑘𝑠)𝑛−1(1 + 𝑘𝑠)𝑛 (1 + 2 𝑓 𝑣)𝑛

,

𝑦24𝑛−11 = (−1)𝑛−1𝑑 𝑎2𝑛−1𝑙2𝑛 (1 + 𝑑𝑡)2𝑛−1
𝑡2𝑛−1𝑔2𝑛 (−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

,

𝑦24𝑛−10 = (−1)𝑛−1𝑒 𝑏2𝑛−1𝑚2𝑛 (1 + 𝑒𝑢)2𝑛−1
𝑢2𝑛−1ℎ2𝑛 (−1 + 𝑒𝑚)𝑛 (1 + 𝑒𝑚)𝑛 (1 + 2𝑏𝑟)𝑛

,

𝑦24𝑛−9 = (−1)𝑛−1 𝑓 𝑐2𝑛−1𝑝2𝑛 (1 + 𝑓 𝑣)2𝑛−1
𝑣2𝑛−1𝑘2𝑛 (−1 + 𝑓 𝑝)𝑛 (1 + 𝑓 𝑝)𝑛 (1 + 2𝑐𝑠)𝑛

.

From system (4), we get

𝑥24𝑛−8 =
𝑦24𝑛−14𝑥24𝑛−17

𝑦24𝑛−11 (1 + 𝑦24𝑛−14𝑥24𝑛−17)

=

©­«
(−1)𝑛 𝑔2𝑛−1𝑡2𝑛 (1+𝑎𝑞)2𝑛−1

(𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)𝑛−1 (1+𝑔𝑞)𝑛 (1+2𝑑𝑡)𝑛

×(−1)𝑛−1𝑑 (𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)𝑛−1 (1+𝑔𝑞)𝑛 (1+2𝑑𝑡)𝑛−1
(𝑔𝑡)2𝑛−1 (1+𝑎𝑞)2𝑛−1

ª®¬
(−1)𝑛−1𝑑 𝑎2𝑛−1𝑙2𝑛 (1+𝑑𝑡)2𝑛−1

𝑡2𝑛−1𝑔2𝑛 (−1+𝑑𝑙)𝑛 (1+𝑑𝑙)𝑛 (1+2𝑎𝑞)𝑛©­«1 + ©­«
(−1)𝑛 𝑔2𝑛−1𝑡2𝑛 (1+𝑎𝑞)2𝑛−1

(𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)𝑛−1 (1+𝑔𝑞)𝑛 (1+2𝑑𝑡)𝑛

×(−1)𝑛−1𝑑 (𝑎𝑙)2𝑛−1 (−1+𝑔𝑞)𝑛−1 (1+𝑔𝑞)𝑛 (1+2𝑑𝑡)𝑛−1
(𝑔𝑡)2𝑛−1 (1+𝑎𝑞)2𝑛−1

ª®¬ª®¬
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=
−𝑑𝑡/(1 + 2𝑑𝑡)

(−1)𝑛−1𝑑 𝑎2𝑛−1𝑙2𝑛 (1+𝑑𝑡)2𝑛−1
𝑡2𝑛−1𝑔2𝑛 (−1+𝑑𝑙)𝑛 (1+𝑑𝑙)𝑛 (1+2𝑎𝑞)𝑛

(
1 − 𝑑𝑡

(1+2𝑑𝑡)

)
=
−𝑡2𝑛𝑔2𝑛 (−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛
(−1)𝑛−1𝑎2𝑛−1𝑙2𝑛 (1 + 𝑑𝑡)2𝑛−1(1 + 𝑑𝑡)

Hence,

𝑥24𝑛−8 = (−1)𝑛 (𝑔𝑡)
2𝑛 (−1 + 𝑑𝑙)𝑛 (1 + 𝑑𝑙)𝑛 (1 + 2𝑎𝑞)𝑛

𝑎2𝑛−1𝑙2𝑛 (1 + 𝑑𝑡)2𝑛
.

Similarly, we can prove the other relations.

2.5 Numerical Examples

In order to confirm our theoretical results, we consider in this section some numerical examples.

Example 1. Consider the system (1) with the initial conditions 𝑥−8 = −7, 𝑥−7 = 0.2, 𝑥−6 = 0.4,

𝑥−5 = 6, 𝑥−4 = 12, 𝑥−3 = 2.6, 𝑥−2 = 0.6, 𝑥−1 = 0.2, 𝑥0 = 1.2, 𝑦−8 = 5, 𝑦−7 = 2.5, 𝑦−6 = 1.5,

𝑦−5 = 2.2, 𝑦−4 = 1.5, 𝑦−3 = 11, 𝑦−2 = 2, 𝑦−1 = 0.5, and 𝑦0 = −4. See Figure 1.
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Figure 1.

Example 2. Figure 2. below describe the solutions of system (2) when 𝑥−8 = 0.7, 𝑥−7 = 11,

𝑥−6 = −0.3, 𝑥−5 = −9, 𝑥−4 = 7, 𝑥−3 = −6.2, 𝑥−2 = 5, 𝑥−1 = 0.3, 𝑥0 = 2, 𝑦−8 = −2, 𝑦−7 = 9,

𝑦−6 = 2.5, 𝑦−5 = −9, 𝑦−4 = 0.3, 𝑦−3 = 7, 𝑦−2 = 2.2, 𝑦−1 = 14 and 𝑦0 = −0.3.
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Figure 2.

Example 3. See Figure 3, when we take system (3) and put 𝑥−8 = 1.8, 𝑥−7 = 5, 𝑥−6 = 0.9, 𝑥−5 = 0.2,

𝑥−4 = −1.5, 𝑥−3 = 2.5, 𝑥−2 = 0.6, 𝑥−1 = 1.3, 𝑥0 = 4, 𝑦−8 = 1.6, 𝑦−7 = 0.3, 𝑦−6 = 1.2, 𝑦−5 = 1.3,

𝑦−4 = 0.9, 𝑦−3 = −1.5, 𝑦−2 = 6.2, 𝑦−1 = 1.6 and 𝑦0 = 4.3.
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Figure 3.

Example 4. Consider the system (4) when 𝑥−8 = 2.1, 𝑥−7 = 0.6, 𝑥−6 = 1.8, 𝑥−5 = −1.5, 𝑥−4 = 10.2,

𝑥−3 = −11, 𝑥−2 = 3, 𝑥−1 = 6.3, 𝑥0 = 11.4, 𝑦−8 = 3.3, 𝑦−7 = −1.5, 𝑦−6 = 0.9, 𝑦−5 = 12.4, 𝑦−4 = 3.2,

𝑦−3 = 12, 𝑦−2 = 2, 𝑦−1 = 6.6 and 𝑦0 = 1.5. See Figure 4.
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Figure 4.
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