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Abstract

In this paper, we prove the existence and uniqueness of weak solution to a strongly nonlinear

degenerate elliptic problem of the type:
—div|wia(x, Vu) + wrb(x,u, Vu) | + w3g(x)u(x) = f(x).

Here, wy, w> and w3 are Aj,-weight functions that will be defined in the preliminaries, where,
Q is a bounded open set of R” (n > 2) and f € L'(Q), with b : Q xR x R" — R,
a:QXxXR*" — Rand g : Q — R are functions that satisfy some conditions and f belongs
to LP'(Q, w}_p ,). First, we transformed the problem into an equivalent operator equation;
second, we utilized the Browder-Minty Theorem to prove the existence and uniqueness of weak
solution to the considered problem.

Keywords: Strongly nonlinear degenerate elliptic equations, Browder-Minty theorem, Dirichlet

problem, Weighted Sobolev spaces, Weak solution.

1 Introduction

Let © be a bounded open subset in R” (n > 2), dQ its boundary and p > 1 and w;, w; and w3

are a weights functions in Q (w1, w, and w3 are measurable and strictly positive a.e. in €).
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In this paper, we consider the following problem:

Lu(x) = f(x) inQ, 0
u(x) =0 on 0Q,

where £ is given by

Lu(x):—div[wl(x)a(x,Vu(x)) + a)g(x)b(x,u(x),Vu(x))] + w3(x)g(x)ulx), ()

with f € L'(Q). Furthermore, the operators a : QXR” — R and b : Q x RxR" — R are
Carathéodory function satisfying the assumptions of growth, ellipticity and monotonicity, and the
nonlinear term g : & — R is a positive function.

In the past decade, much attention has been devoted to nonlinear elliptic equations because of their
wide application to physical models such as non-Newtonian fluids, boundary layer phenomena for
viscous fluids, chemical heterogenous model, celestial mechanics and reaction-diffusion problems
(we refer to [4,9,27] where it is possible to find some examples of applications of degenerate elliptic
equations). One of the motivations for studying (1) comes from applications to electrorheological
fluids (see [24] for more details) as an important class of non-Newtonian fluids.

Many scholars have examined equations like (1), where a(x, Vu) = g(x) =0andw; = wy = w3 =1
(see [8,22] and the references therein). The degenerate case with difierent conditions haven been
studied by many authors (we refer to [1, 5, 6,20-23] for more details).

Recently, Drabek and al. [10] proved that under some additional assumptions on a and #h, the
problem —div(a(x,u,Vu)) = h has a solution u € WS ?(Q, w). Moreover in [7], the author proved
the existence of solution for Problem (1), when the nonlinear term g(x) = 0.

Our goal in this research is to study (1) in W& 7 (Q, w1). We will use the Browder-Minty Theorem and
the weighted Sobolev spaces theory to prove that (1) has a unique weak solution u € Wé P(Q, wr).
In terms of our Problem’s existence, there are many difficulties associated with this kind of problems.
Firstly, the operator £ can not be defined from Wé P (Q, w) into its dual space [W&’p (Q, wy)]*.
The second difficulty is establish the relationship between w1, wy and ws, in order to ensure the
existence and uniqueness of solution for Problem (1).

Let us speedily summarize the work’s contents. In Section 2, we provide some preliminary

information as well as certain lemmas. In Section 3, we specify all of the assumptions on a, b, g
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and we introduce the notion of weak solution for the Problem (1). The main results will be stated

and proved in Section 4. Section 5 contains an example that exemplifies our principal result.

2 Preliminaries

In this section,we give some preliminaries facts which are used throughout this paper. Monographs
by J. Garcia-Cuerva and J. L. Rubio de Prancia [14] and A. Torchinsky [25] have comprehensive
expositions.

Let v be a weight function in R", that is w measurable and strictly positive a.e. in R". For

1 < p < o0, we denote by L” (€, v) the space of measurable functions u on € such that

A (/Q Iu(x)lpv(x)dx) < oo,

where Q be open in R”. It is a well-known fact that the space L”(Q, w), endowed with this norm

is a Banach space. We also have that the dual space of L? (Q, v) is the space L? (Q, v!~?").

Proposition 1. [17,18] Let 1 < p < co. If
viT e Ll (Q) if p>1,

1
ess sup—— < +oo if p=1,
xerx)

for every ball B C Q. Then,
LP(Q,v) € L;,.(Q).

As a consequence, under conditions of Proposition 1, the convergence in L? (€2, v) implies conver-

gence in L}UC(Q). Moreover, every function in L” (€2, v) has a distributional derivatives.

Definition 1. [18, 19] Let 1 < p < oco. A weight v is siad to be an A,-weight if there exists
A = A(p, w) such that

=1L \p-l
(é/Bv(x)dx) (é./B(v(x))p dx) <A,

for all B C R", where |B| denotes the n-dimensional Lebesgue measure of B in R".
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The infimum over all such constants A is called the A, constant of w. We denote by A, 1 < p < oo,
the set of all A, weights.
If 1 < g < p < oo, then Ay C A; C A, (we refer to [15, 16, 26] for complete details about

Ap-weights).
Example 1. (Example of A,-weights)
() IfC < w(y) < D fora.e. y €R", such that C and D two positive constants , then w € A, for

1 <p<oo.

(ii) Suppose that w(y) = |y|”, y € R". Thenw € A, iff —-n <o <n(p—-1) for 1 < p < oo (see
Corollary 4.4 in [25]).

(iii) Let Q be an open subset of R". Then w(y) = e € Ay, withv € W' (Q) and A is sufficiently
small (see Corollary 2.18 in [19]).

Proposition 2. [26] Letv € A, with 1 < p < oo and let F' be a measurable subset of a ball B C R".
Then

FIV . v(F)
(E) <)

where C is the A, constant of v.
The weighted Sobolev space W7 (Q, w) is defined as follows.

Definition 2. Let Q C R" be open, and let w be an A,-weight, 1 < p < oco. We define the
weighted Sobolev space WP (Q, w) as the set of functions u € LP(Q, w) with Dyu € LP(Q, w),
for k = 1,...,n. The norm of u in W' (Q, w) is given by

||u||W1,p(g,w>:( /Q ()P wx)dx + ) /Q |Dku<x>|f’w<x>dx) .
k=1

We also define Wé’p (Q, w) as the closure of C;°(Q) in WP (Q, w) with respect to the norm

|[-Ilw1.r (@) Note that Ci° () is dense in Wé’p(Q, w).

Equipped by this norm, W!?(Q, w) and Wé 7 (Q, w) are separable and reflexive Banach spaces (see
Proposition 2.1.2. in [17] and see [16, 18] for more informations about the spaces W7 (Q, w)).
The dual of space Wé’p (Q, w) is the space Wo_l’p,(Q, wl_p'), where

i

WO—I,P/(Q’(UI—P') — {fO _div(F) / F = (fl,...,fn) : Z € LPI(Q,LL)), I = 0,...,1’1}.
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The following theorems will be needed throughout this paper(we refer to [11, 13,28]).

Theorem 1. Letv € A,, 1 < p < oo, and let Q C R". If uy — u in LP(Q,v), then there exist a

subsequence (uy;) and y € LP(€,v) such that
(i) ug;(y) — u(y), kj — oo, v-a.e. on Q.

(i) |ug;,(W)| < ¥ (y), v-a.e. on Q.

Theorem 2. Letv € A, and Q C R". There exist 6, u > 0 such that for any f € Wé’p(Q, v) and

each v verifing 1 < v < 25 + 4,

Hfllzve vy < OV FllLe @),
where 0 depends only on n, p, the A, constant of v and the diameter of L.
The Browder-Minty Theorem is stated as follows.

Theorem 3. Let A : W — W™ be a hemicontinuous, coercive, and monotone operator on reflexive

and separable Banach space W. The following assertions are then true:
(@) Au = G has a solution u € W for all G € W*,

(b) Ifthe operator A is strictly monotone, then the solution u € W is unique.

3 Basic assumptions and notion of solutions

3.1 Basic assumptions

Let us now give the precise hypotheses on the Problem (1), and we make the following hypotheses:
QCR(n>2),1<gqs<p<o,andw; € Ayfori =123, andleta : QXR" — R,

b: QXRXR" — R, and g : Q — R satisfying the following assumptions:
(A1) Fori=1,...,n, b; and a; are Caratéodory functions, with

a(%.0) = (@1(%, ), osan(x,0))

and

b(x,0,¢) = (bl(x, 0,0),...b,(x, 0, {))
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(A2) There are positive functions hy, hy, hy € L*(Q) and f € Lp'(Q, wl)(with % + pi =1 ) and
fHeld(Q, wz)(with lyl= 1) such that :

la(x, Ol < fi(x) + ki (x) |27,

and

1b(x, 0,0 < f(x) + ho(x) o |97 + ha(x)[ )77
(A3) There exists a constant & > O such that :
(a(x,0) —a(x,{), 0 =) > alz =17,

and
(b(x,0,0) = b(x,0, ), L=y >0,

whenever (0, ), (07,¢') e RxR*witho # o and ¢ # .
(A4) There are constants 31, 82, 83 > 0 such that :

<a(x’ g)’ §> 2 ﬁl|§|p’

and

<b(-x’ og, g)’ z:) 2 ﬁ2|§|q +ﬁ3|0-|q-

(A5) g € LP(Q, w3), with 117 =L -1and g(x) >0

3.2 Notions of solutions

Definition 3. One says u € Wé’p (Q, wy) is a weak solution to (1), assuming that
/Qa(x, Vu(x)).Vv(x)w; (x)dx + /Q b(x,u(x), Vu(x)).Vv(x)wa(x)dx + Lg(x)u(x)v(x)wﬂx
= Jo Fx)v(x)dx,

foreveryv € Wé’p(Q, w1).

Remark 1. We seek to establish a relationship between w1, wy and w3, in order to ensure the

existence and uniqueness of solution for our Problem (1). At first we notice:
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(i) Ifz—f € L"(Q,w1) where r| = pqu, 1 < g <p < oand wi,wy € Ay, then, by Hélder

inequality we obtain

Nullra(@,wy) < Cpgllullr(@w)s

— w2 /a
where Cp, ; = ||a7f||L,1 Qo)
(ii) Analogously, if 3> € L'>(Q, w1) where ry = p%s, l<s<p<coandwy,ws € A, then
||u||LS(Q,a)3) < Cp,sHu”LP(Q,wl)’
_qjwz /s
where Cp, s = ||w—;||L,2(Q’wl).

4 Main result

We are now in the position to get existence result of weak solutions for (1).

4.1 Result on the existence and uniqueness

Our main result is as follows.

Theorem4. Letw; € Ap(i =1,2,3),1 < q,s < p < oo, and assume that the conditions (A1) —(AS5)
holds. Ifwil e L (Q,w), % e LP/(P=D(Q, wy) and 3—? e LP/P=9(Q, wy), then (1) has a unique

. 1,
solution u € W, P(Q, w1). Moreover, we have

b

1/p-1
lllytr oy < & (IF/0110 @)

Bi ]l/l_p )

where € = [0P+1+0

4.2 Proof of Theorem 4

The essential one of our proof is to reduce the (1) to an operator problem Au = G and then using

the Browder-Minty Theorem 3. The proof will be separated into five steps.
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4.2.1 Equivalent operator equation

In this subsection, we use the some tools and the condition (A2) to prove an existence the operator
A such that the Problem (1) is equivalent to the operator equation Au = G. We introduce the
operators G : WS’[’(Q,wl) — Rand I : Wol’p(Q,wl) X Wol’p(Q,wl) — R such that

G(v)z[zf(x)v(x)dx,

and
I'(u,v) =I1(u,v)+(u,v) +I3(u,v),

where [; : W(}’p(Q,wl) X W(}’p(Q,wl) —> R, fori =1, 2, 3, are defined as

I(u,v) = / a(x,Vu).Vvwidx, I>(u,v)= / b(x,u,Vu).Vvwodx,
Q Q

and F3(u,v):/g(x)u(x)v(x)a)3dx.
Q

Consequently, the weak formulation of (1) is given by the operator equation
F(u,v)=G(v), forall veW,”(Q w).

We will show that G € Wo_l’p/(Q,w}_p’) and I"(u,.) is linear and continuous, for each u €

Wy (Q, w1).

(i) Using Holder inequality and Theorem 2, we obtain

IG(v)| < m [v|wy dx
Q Wi
< lf /ol @uwplVIlLr @)
< 0F fonllr a1Vl gy

Since f/w; € L?' (Q, w1), then G € Wo_l’pl(Q,wi_p/).

(i) Letu € W' (Q, w;). We have
0

[P, )| < G, )|+ (s v)| + 1130, ). 3)
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On the other hand, we get by using (A2), Holder inequality, Remark 1 (i) and Theorem 2,

M) < / (e, Vi) [ Vvl dx

< (f1 + h1|Vu|p_1)|Vv|w1dx
< ||f1||LP(le)HVVHLP(le)+||h1||L°°(Q)||Vu||Lp(Qw)HVVHLP(Q,w])
< (Hfl“LP’(Q,w,)+||h1||L°°(Q)|| ||pl,,(Q )lIVH W (@)’

and

[I2(u, v)]

IA

/ |b(x,u, Vu)||Vv|wrdx

< [ (ot holul + ol V) Vv fwsdx
Q
< 11l (@ IPV oc@an) * Il @ 11 g o IV L0010
+ ||h2||L°°(Q)||Vu||Lq(Qw2)||VV||L‘/(Q w3)
< |Crallll @+ Gl (697 illemio + Wl S

||V| |Wé'p(Q,w1)’

and by (AS), Holder inequality, and Remark 1 (ii) , we have

1 1 1
[I3(u,v)| < ./Qg w} |u|l w3 |v| w;dx

< lgller@wyllullzs @w VIl (@.ws)
< G lgllr@wn llullLr@wn IV ILr (@)
< 0°C; lIgllLr @ llull lp(le)HVll P ()

Hence, in (3) we obtain, for all u,v € Wé’p (Q, wy),

1T < AL @op + 11 =@ u ||”11, +0°Cp gllr @ lully g

(Qw1)

+ Cpgll £ollra @uum) + Cpg (077 1||h2||L°"(Q) + A2l () Il WP (@)
”v”WO]’p(Q,wl).

Then I'(u, .) is linear and continuous, for each u € Wé’p (Q, w1). Thus, there exists a linear

and continuous operator on WS P (Q, w1) denoted by A such that
(Au,v) = (u,v), forallu,v e W, (Q,w).
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Moreover, we have

p—1 22
Il < 11l @ + Wl el o+ 6°C) elzr @ el g,
, q q-1 . AT g-1
+ Cpgll 2ol e @y + Crg (097 2l |2 (@) + [1h2llL= () |ul WP @)
. 1, .
with || Aul|. = sup{l(ﬂu,v)l =|l(u,v)|:veWw, P(Q, wy), ||v||W$,p(Q’wl) = 1} is the norm

in W, Lr'Q, w}_p ). Hence, we obtain the operator

1, -1,p 1-p’
ﬂ:WOp(Q,wl)—>WO p(Q,wl )

u+— Au.
However, the Problem (1) is equivalent to the problem

Au=G, uce Wé’p(Q,wl).

4.2.2 Coercivity of the operator A

This step establishes that the operator (A is coercive. To this purpose, we have

(Au,uy = I'(u,u)

/(a(x,Vu),Vu)wldx+/(b(x,u,Vu),Vu)wgdx+/gu2 wsdx,
Q Q Q

foreach u € Wé’p (Q, w1). Moreover, from (A4), g(x) > 0 and Theorem 2, we obtain

(Au,u) >
> B1 | |[VulPwidx

Q

Bl

Cy+1 W, P (Q,w1)

Hence, since p > 1, we have
(Au, u)
—> 400 as ||M||W01,p(g’wl)

”u”WOI’P(Q,a)l)

that means, ‘A is coercive.

— +00

/31/|Vu|pw1dx+/32/|Vu|qw2dx+ﬁ3/|u|qw2dx
Q Q
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4.2.3 Monotonicity of the operator A
The operator A is strictly monotone. In fact, for all £1,&; € Wé’p (Q, wy) with &1 # &, we have
(A1 = AL, 61 - &2)

=I(&1,é61 - &) —T(&6, € - &)
- / (a(x, V&), V(& - &))wrds - / (a(x. V), V(&) - £2))w1dx
Q Q

¢ [061.960). (6 - e)ondr - [ (062,96, V(6 - @)onds
+ /Qg &1 (61— &) widx - /Qg & (&1 - &) widx
= /Q<a(x, Vér) —a(x, V&), V(& - &))widx + L(b(x,flyvfl) = b(x,86, V&), V(& — &2))wadx
+/g (&1 - &) wadx.
Q
However, thanks to (A3) and g(x) > 0, we obtain
(A = A& E - &) 2 ‘/QCYW(& — &) widx = allV(E -], .0

Hence, by Theorem 2, we conclude that

(A - A1 -6) 2 ——— e -all

>
6P +1) (Q, 1)

4.2.4 Continuity of the operator A

The operator A must be shown to be continuous. To this purpose let uy — u in W(;’p (Q,w;) as k — oo.
Note that if up — u in Wé’p(Q,wl), then up —> u in LP (Q, w1) et Vup — Vu in (LP (Q, w1))". Hence,

thanks to Theorem 1, there exist (ukj), Y1 € LP(Q,wp) and ¢, € LP(Q, wy) such that

u; (x) — u(x), wi —a.e.in Q

luk; ()] < ¢1(x), wi —a.e.in Q
“)

Vug, (x) — Vu(x), w;—a.e.inQ

[Vug, ()] < ¥2(x), wi—a.e. inQ.

We will show that Aux —> Au in W, L.p ,(Q, w}_p ,). In order to prove this convergence we proceed in 2

steps.
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Step 1:

Fori =1, ..., n, we define the operator

Bi : Wy (Q,w1) — LV (Q,w1)
(Biu)(x) = a;(x, Vu(x)).
‘We now show that

Biu, — Bju in Lp,(Q,wl).
The Lebesgue’s theorem will be applied.

(i) Letu € Wé’p (Q, w1). Using (A2) and Theorem 2(with v = 1), we obtain

”Biullip,(g’w]) = ‘/£;|Bil/t(x)|p'wldx:[z|ai(x,vu)|P'w1dx

’

p
/(f1+h1|Vu|p‘1) widx
Q
Cp‘/(flp/+hf/|Vu|p)w1dx

Q

p r p
< G (A 0y + I IVRIE

IA

IA

A

A

p/ p, p
< CP ”fl”Lp/(Q,a)l) + ||h1“ oo(g)“u”WOl,p<Q’wl) .

(ii) Let uy — u in Wé’p(Q,wl) as k — oo.

By (A2) and (4), we obtain

||Bi”kj_Bi””i,,/(Q’wl) = '/S;IBiukj(x)_Bi”(x)lp,wldx
p/
[ (a9 1+ laste Tl o
Q
Cp [ (a7 + . T an
Q
cp/
Q ’ ’
I\ N\
Cp/ (f1+h1lﬁ§ 1) +(f1+h1¢§ 1) }wldx
Q
Q

< 26,C) (AN 0+ I 102115 0|

IA

IA

p/

(f1 + h1|wk_,|P—1)p’ + (f1 + h1|w|l’—1) } widx

IA

IA

Hence, thanks to (A1), we get, as k —> oo
Biug; (x) = ai(x, Vug; (x)) — ai(x, Vu(x)) = Bju(x).
Hence, by Lebesgue’s theorem, we get
1Biur; = Bitll o' (@, o) — O
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that is,
Bjuy, — Bju in L (Q, wy).
Finally, we have
Bittyy — Bju in  LP(Q w). (5)
Step 2:
We define the operator, for i = 1, ..., n, as follows
G;: Wé’p(Q,wl) — L7(Q, w))
(Giu)(x) = bi(x, u(x), Vu(x)).
We’ve also got
Gittmy — Gu in L7(Q,w)).

In fact,

(i) Letu € W(; "P(Q, w1). Using (A2), Remark 1 (i) and Theorem 2 (with v = 1), we obtain

Gl gy = [ it Tl wnds

’

~ q
< /(f2+h2|u|q-1+h2|vu|q-l) wodx
Q
< Cq/[fzq,+hg’|u|q+h~2q |Vu|q]a)2dx
Q
< Co (I, g o+ ll gy Il o+ W g IV g
<

q q (pa qa e M
Cq ”fz”L‘l'(Q,wz)-i-Cp’q (9 ||h2|| oo(Q)+||h2|| w(g))HMHWOI’P(Q,wl) .

(ii) Letuy — u in Wé’p(Q,wl) as k — oo.
According to (A2), Remark 1 (i) and the same arguments as in Step 1 (ii), we get similarly

Gittm — G in L7(Q,w)). (6)

Finally, let v € W(;’p (2, w1) and using Holder inequality, Theorem 2 (with v = 1) and Remark 1, we obtain

|I_'](uk,V) —rl(M,V)|

‘/(a(x, Vuy) —a(x,Vu), Vv)widx
Q

n

< Z/|a,~(x,Vuk)—ai(x,Vu)||Djv|a)1dx
—~ Jo
1711

= Z/|Biuk—Biu||Djv|w1dx
=1 Y
n

< ZHBiuk—BiM||Lp'(g,w1)||DjV||LP(Q,w1)
i=1

<

”V”WOLP(Q,wly

n
(Z 1Btk — Biull 1o (0 )
i=1
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|12 (ug,v) = I2(u,v)|

|/(b(x, ug, Vuy) — b(x,u, Vu), Vv)wodx
Q

n
< 3 [ it Vug) = by, Va9 plend
— Jo
1711
= Z/ |Giur — Giul|D;v|wydx
i=1 79
n
< Z Giux — GiM||Lq'(g,w2)) IVvllLa (@ w,)
=1
' n
< Cp,q Z |G iux — GiM”Lq’(Q,wz)) ||VV||LP(Q,w1)
=1
ln
< Cp,q Z “Giuk - Gi””L‘J’(Q,wz)) ||v”W01’p(Q,w1)’
i=1
and
R = Bl < [ lellu = ulblosds
Q
< lgllee @,y llue = ulles @, w) IVILs (@, w3)
< Chlgllie @ wn lluk = ull e @wn IV ILLe (@0
< CHCh NIgllLe (@,ws)lluk — M||W01~p(95w1)||V||Lp(sz,w1)-

Hence, for all v € Wé’p(Q,wl), we have

[l (e, v) = I (u, )]

IA

|17 (ug, v) = I (u, v) | + [T (ug, v) = D (u, v) |+ [T3(ug, v) = IT3(u,v)]

n
| > (1Biwk = Bitdll o .00y + CpallGittk = Gittl Lo .0 |
i=1

IA

2 2
+ CQCp,s ”g”LP (Q,w3) ||Mk - l't”WOlsP (Q,w1) ”v”Ll’ (Q,w1)

Then, we get

n

| Auk = Aull. < Z (||Biuk = Biull L (@, + Cp.gllGink = Giu”m’(g,wz))
i1

2 ~2
+ CQCp,s ”g”LI’ (Q,w3) ||Mk - u”WOl’p (Quw)"

According to (5) and (6), we deduce that
|| Aur — Aulls — 0as k — oo,

that is, A is continuous.

Therefore, by Theorem 3, the operator equation Au = G admits exactly one solution u € W(;’p (Q,wp) and

it is the unique solution for Problem (1).
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4.2.5 Estimates for ||u||W1,p(Q 1)
)P,

By setting v = u in Definition 3, we get
I(u,u) =1 (u, u) + (u,u) + I3(u,u) = G(u).
Onthe other hand, using (A4), g(x) > 0 and Theorem 2(with v = 1), we obtain

r > P
(I/[, V) = ’)/HMIIWOI,])(Q’LUI)’

Bi

orP+1°

where y =

Next, applying Holder inequality and Theorem 2(with v = 1), we get

G(u) < |G(u)| < M”ullwol’p(g,wl)’

where M = Gllf/wlllLP'(Q’wl)-
According to (7), (8) and (9), we deduce that

P
y||u||W0]’p(Q’wl) < M||u||W0|,p(Q,wl),
Then
~1 M
ull P, s
WO (Q,wp) Y
Therefore
M 1/p-1
”u”WOl’p(Q,wl) 7
1/p-1
= c(Iffillr@u)
1/1-p
_ Bi
where C = [m] .

As a conclusion, the proof of Theorem 4 is complete.

5 Example

In this section we give an example to illustrate the usefulness of our main results.

Let Q = {(£,7) € R? : €2+ 92 < 1}, and consider the weight functions w(&,y) = (€2 +7?)
-3/2 -1/3

wEy) = (E+7) 77 and ws(&y) = (E+77) 7

(N

®)

©)

-1/2

>

(note that w;, wy, w3 € Ay, p=4, q=3

and s =8/3 ) We also define the functions b : Q X RXR> — R?, g : QxR?> — R?and g : Q — R, as

follows:

a((f, y),n) = hi(&,7)Inl*sgn(n)n,
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with A1 (£,7) = €™+ and
b((& ), an) = (&, ) nPsgn(n),

with h2(€,y) = 2 + sin(£2 +y?), and

g(&,7) =2 - cos*(&y).

Consider the following problem

Lu(¢y) = g g, w0

u(é,v)=0 on 0Q,

where

Lu(€,y) = div|wi (€, 7)a((€,), Vu(€, 9) J+o2(6 )b (€ ), u(€, ), Vu(€, 7)) [+03 (£, 7)g (€ (€. ).
an

As aresult of Theorem 4, the problem (10) has a unique solution u € Wé ’4(9, w1).

6 Conclusion

In this paper, we studied the existence and uniqueness of weak positive solution for a class of nonlinear
degenerate elliptic equations With weight and L' data by adopting Sobolev spaces with weight Wé’p (Q, wy).
First, we transformed the problem into an equivalent operator equation; second, we utilized the Browder-
Minty Theorem to prove the existence and uniqueness of weak solution. We hope in a future work to solve
other similar problems by generalization of (1), by replacing, for example, Wé "P(Q, w;) by the weighted

Sobolev spaces with variable exponents and other spaces.
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